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Abstract

We presenta power control schemebasedon noncooperative gametheory, usinga fairly
broadclassof convex costfunctions.Themulticell CDMA wirelessdatanetwork is mod-
eledasa switchedhybrid systemwherehandoffs of mobilesbetweendifferentcellscorre-
spondto discreteswitchingeventsbetweendifferentsubsystems.Undera setof suf�cient
conditions,we prove theexistenceof a uniqueNashequilibriumfor eachsubsystem,and
proveglobalexponentialstabilityof anupdatealgorithm.Wealsoestablishtheglobalcon-
vergenceof the dynamicsof the multicell power control gameto a convex supersetof
Nashequilibriafor any switching(handoff) schemesatisfyinga mild conditiononaverage
dwell-time.Robustnessof theseresultsto feedbackdelaysaswell asto quantizationis in-
vestigated.In addition,we considera quantizationschemeto reducethe communication
overheadbetweenmobilesandthe basestations.Finally, we illustrate the power control
schemedevelopedthroughsimulations.

Key words: Wirelessnetworks,Powercontrol,Hybrid systems,Noncooperativegame
theory,Nashequilibrium

1 Intr oduction

The primary objective of power control in a wirelessnetwork is to regulatethe
transmissionpower level of eachmobilein orderto obtainandmaintainasatisfac-
tory quality of servicefor asmany usersaspossible.In a codedivision multiple
access(CDMA) system,wheresignalsof otheruserscanbemodeledasinterfering
noise,thegoalof powercontrolis morepreciselystatedasto achieveacertainsig-
nal to interference(SIR) ratio regardlessof channelconditionswhile minimizing
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theinterference,andhenceimproving theoverall performance.Althoughthereex-
istsa largebodyof work for voicetraf�c whereSIR requirementsfor satisfactory
serviceare �x ed and well established,power control for wirelessdatanetworks
hasonly recentlybeena topic of interest[1–7]. SincetheSIR requirementsfor a
desiredlevel of servicevary from oneindividual userto anotherin wirelessnet-
works,thepowercontrolproblembecomesalsooneof resourceallocation.Recent
studies[1,4,5]makeuseof conceptsandtoolsfrom the�eld of economics,suchas
pricing andutility functions,to comeup with power controlschemesthataddress
this question.In [4], a pricing schemefor the downlink of a wirelessnetwork is
investigatedwhereusersarechargedbasedon their channelquality. Thestudy[5],
on the otherhand,shows that net utility maximizationproblemfor elastictraf�c
canbedecomposedinto simplerproblemsof obtainingtheoptimalsignalquality
andselectionof theoptimaltransmissionrate.

In CDMA systemswhereeachmobile interactswith othersby affecting the SIR
ratio throughinterference,gametheoryprovidesa naturalframework for analyz-
ing anddevelopingpower control mechanisms.For a mobile in sucha network,
obtainingindividual informationon the power level of eachof the otherusersis
practically impossibledue to the excessive communicationandprocessingover-
headrequired.Thereforein a distributedpower controlsettingeachuserattempts
to minimizeits own cost(or maximizeits utility) in responseto theaggregateinfor-
mationon theactionsof theotherusers.This makesuseof noncooperative game
theory [8] for uplink power control most appropriate,with the relevant solution
conceptbeingthenoncooperativeNashequilibrium[9].

Severalstudiesexist in theliterature,whichusegametheoreticschemesto address
the power control problemin a singlecell [3,1,10]. In [9], we have madeuseof
the conceptualframework of noncooperative gametheory to obtaina distributed
andmarket-basedcontrol mechanism.We have proven the existenceof a unique
Nashequilibrium,andestablishedthestability of two differentupdatealgorithms
undersomespeci�c conditions.Thestudy[10] de�nes a similar singlecell power
controlgamewith anew pricingfunction,whichadmitsauniqueNashequilibrium.
In addition,it studiestheasymptoticbehavior of thesystem.Anotherrecentstudy,
[6], investigatespricing andpower control in a multicell wirelessnetwork. Here,
existenceof auniqueNashequilibriumfor aclassof quasiconcaveutility functions
is establishedwithoutpricing.Theeffectof linearpricingschemesonthesolutions
are also analyzedand it is shown that pricing improves Paretoef�ciency of the
operating(equilibrium)points.

In thispaper, weextendthesinglecell powercontrolschemeof [9] to multiplecells
andto a broaderclassof costfunctions.Speci�cally, we modelthemulticell wire-
lessdatanetwork asa switchedhybrid systemwherehandoffs of mobilesbetween
theindividualcells(basestations)correspondto discreteswitchingeventsbetween
differentsubsystems.Undera setof suf�cient conditions,we show in Section2
the existenceandglobal stability of a uniqueNashequilibrium for eachsubsys-
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tem.In addition,we considerherea morerealisticinterferencemodelthantheone
in [11], which is an earlierconferenceversionof this paper, by taking intra-cell
effectsinto account.In Section3, we establishtheglobalexponentialconvergence
of the dynamicsof the multicell power control gameto a minimum convex set
of Nashequilibria for any switching(handoff) schemesatisfyinga mild condition
on averagedwell-time.Furthermore,we investigaterobustnessof theseresultsto
variouscommunicationconstraintssuchas feedbackdelaysandquantization.In
addition,weanalyzeaquantizationschemeto reducethecommunicationoverhead
betweenmobilesandthe basestations.Finally, we illustratethe proposedpower
controlschemethroughMATLAB simulationsin Section4, which is followedby
theconcludingremarksof Section5.

2 The Model and NashEquilibrium

We considera multicell CDMA wirelessnetwork model similar to the onesde-
scribedin [6,9]. The systemconsistsof a setL := f 1; : : : ; �Lg of cells, with M l

usersin cell l , l 2 L . The numberof usersin eachcell is limited throughan ad-
missioncontrol scheme.We let M l := f 1; : : : ; M lg; l 2 L andM := [ lM l .
We associatea singlebasestation(BS) with eachcell in the system,andde�ne
0 < hij < 1 asthechannelgain betweenthei-th mobileandthej-th BS. In each
cell l , we considera backgroundnoiseof a cell speci�c variance� 2

l . Furthermore,
weassumethateachmobileis connectedto asingleBSatany giventime.Figure1
showsasimpledepictionof thewirelessnetwork modelconsidered.

Fig. 1. A simplemulticell wirelessnetwork.

Thei-th mobiletransmitswith anuplink power level of pi � pi;max , wherepi;max

is an upper-boundimposedby physical limitations of the mobile. Thus,the SIR
obtainedby mobilei at thebasestationj is givenby


 ij :=
Lh ij pi

P
k2M ; k6= i hkj pk + � 2

j
: (1)
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Here,L := W=R > 1 is thespreadinggain of theCDMA system,whereW is the
chiprateandR is thedatarateof theuser. Thus,by takingtheintra-celleffectsinto
accountwe considera morecomplex andrealisticinterferencemodelthantheone
in [11].

De�ne thepower level of mobile i receivedat the j-th BS asx ij := hij pi , andlet
x := [x11; : : : ; xM 11; : : : ; x1L ; : : : ; xM L L ]. Also let x � i :=

P
k2M ; k6= i hkj pk be the

sumof thereceivedpower levelsof all mobiles,exceptthei-th one,at thej-th BS.
In orderto simplify thenotationwewill droptheindex of theBS(e.g.x i := x ij ) in
caseswhenit is obviousfrom thecontext thatmobilei is connectedto thej-th BS.

The i-th user's costfunction is de�ned asthedifferencebetweentheutility func-
tion of theuserandits pricing function,J i = Pi � Ui , similar to theonein [9]. The
utility function,Ui (
 i ), is a functionof theSIR, 
 i , of thei-th user, andquanti�es
approximatelythe demandor willingnessto pay of the userfor bandwidth.The
pricingfunction,Pi (pi ), ontheotherhand,is imposedby thesystemto limit thein-
terferencecreatedby themobile,andhenceto improvethesystemperformance[6].
At thesametime,it canalsobeinterpretedasacostonthebatteryusageof theuser.
As a result,thecostfunctionof thei-th userconnectedto aspeci�c BS is givenby

Ji (x i ; x � i ; hi ) = Pi (x i ) � Ui (
 i (x)) ; (2)

wherewehaveusedx i , insteadof pi , astheargumentof Pi , by apossiblerede�ni-
tion of thelatter. Wenow make thefollowing assumptionson thecostfunctions:

A1. Pi (x i ) is twice continuouslydifferentiable,non-decreasingandstrictly convex
in x i , i.e.

@Pi (x i )=@x i � 0, @2Pi (x i )=@x2
i > 0; 8x i .

A2. Ui (
 i (x)) is jointly continuousin all its argumentsand twice continuously
differentiable,nondecreasingand strictly concave in x i , i.e. @Ui (x)=@x i � 0,
@2Ui (x)=@x2

i < 0; 8x i .

A3. Ui (
 i ) satis�estheinequality
�
�
�
�
�
d2Ui

d
 2
i

�
�
�
�
�

 i <

dUi

d
 i
< (L + 
 i )

�
�
�
�
�
d2Ui

d
 2
i

�
�
�
�
�
;

wherej:j denotestheabsolutevaluefunction.

A4. The i th user's cost function hasthe following properties:At x i = 0, Ji (x :
x i = 0) > Ji (x) ; 8x x i 6= 0, andat x i;max = x i;max , Ji (x : x i = x i;max ) >
Ji (x) ; 8x x i < x i;max , respectively.

Thanksto assumptionsA1 andA2 the costfunction J i is strictly convex, andbe-
longsto a fairly large subclassof convex functions.Hence,thereexists a unique
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solution to the i-th user's minimization problem,which is that of minimization
of Ji , given the systemparametersand the power levels of all other users.The
Nashequilibrium (NE) is de�ned as a set of power levels, p � (and correspond-
ing setof costsJ � ), with the propertythat no usercanbene�t by modifying its
power level while the other playerskeep theirs �x ed. Furthermore,assumption
A4 ensuresthat any equilibrium solutionis an inner one,i.e., boundarysolutions
x �

i = 0 (x �
i = x i;max ) 8i cannotbeequilibriumpoints.Mathematicallyspeaking,

x � is in NE, whenx �
i of any i-th useris thesolutionto thefollowing optimization

problemgiventheequilibriumpower levelsof othermobiles,x �
� i :

min
0� x i � x i;max

Ji (x i ; x �
� i ; hi ): (3)

Theorem1 UnderA1-A4,themulticellpowercontrol gameadmitsa uniqueinner
Nashequilibriumsolution.

PROOF. Theproofof this theoremis similar to theoneof Theorem3.1in [12]. It
is brie�y outlinedherefor completeness.Let X := f x 2 RM : 0 � x � xmax g
beasetof feasiblereceivedpower levelsat thebasestationsin thesystem.Clearly,
X is closedandbounded,andhencecompact.Furthermore,it is alsoconvex, and
hasanonemptyinterior. By astandardtheoremof gametheory(Theorem4.4p.176
in [8]) thepower controlgameadmitsa Nashequilibrium.In addition,by A4 this
solutionhasto beinner. It follows from A3 that

@2Ji

@x2
i

>
@2Ji

@x i @x j
> 0:

Finally, usinganargumentsimilar to theonein theproof of Theorem3.1 in [12]
onecanshow thattheinnerNE solutionis unique.Thus,thereexistsauniqueinner
NE in themulticell powercontrolgame. 2

3 Hybrid Modeling and Stability

We considera dynamicmodelof thepower controlgamewhereeachmobileuses
agradientalgorithmto solve its own optimizationproblem(3). Theupdatescheme
of thei-th mobileis givenby

_pi =
dpi

dt
= � � i

@Ji

@pi
;

where� i > 0 is a user-dependentstepsize.This canalsobedescribedin termsof
thereceivedpower level, x i , at theBS l to whichmobilei is connected:

_x i =
dUi

d
 i

L� i h2
iP

j 6= i (hj l=hj )x j + � 2
l

� � i hi
dPi

dpi
:= � i (x); (4)

5



wherehj denotesthechannelgainof mobilej to its own BS.Thus,weobtainadis-
tributedpower controlalgorithmwhich bringsminimumoverheadto thenetwork
for theonly informationthemobileneedsin orderto updateits power level, other
thanits own mostrecentpower level andthesystemparameters,is thelevel of total
receivedpowerat theBS.

3.1 Stabilityin theStaticCase

We�rst establishthestabilityof theupdatescheme(4) undersomesuf�ciency con-
ditionsin thestaticcase, whereeachmobileis connectedto a speci�c basestation
(belongsto a cell) for all times. By taking thesecondderivative of x i (connected
to cell l ) with respectto timeweobtain

•x i =

 

� ai �
d2Pi

dp2
i

!

_x i +
X

j 2M l ; j 6= i

bi _x j +
X

k =2 M l

bi
hkl

hk
_xk := _� i (x); (5)

whereai andbi arede�ned as

ai :=

�
�
�
�
�
d2Ui

d
 2
i

�
�
�
�
�

L2� i h2
i

(
P

j 6= i (hj l=hj )x j + � 2
l )2

;

and

bi :=
ai

L

 i �

dUi

d
 i

L� i h2
i

(
P

j 6= i (hj l=hj )x j + � 2
l )2

:

Noticethat,ai is positive,andunderA3, bi is negative.

Let usintroducethecandidatequadraticLyapunov function

V :=
X

i 2M

� 2
i (x) : (6)

First note that becauseof the uniquenessof the NE, x � , � i (x) = 0 8i if and
only if x = x � . Hence,V is positive for all x except for x = x � . Furthermore,
as jjx jj ! 1 , (dUi =d
 i )(L� i h2

i )=(
P

j 6= i (hj l=hj )x j + � 2
l ) is boundedby A2 and

j� i hi dPi =dpi j ! 1 by A1. Hence,V is radially unbounded,V ! 1 , jjx jj !
1 , wherejj :jj denotesthenormoperator.

Takingthederivativeof V with respectto t wehave

_V �
X

i 2M

� 2ai � 2
i +

X

i 2M

jbi j
X

j 6= i

2
hj i

hj
j� i � j j;

wherehj i denotesthe channelgain of mobile j to the BS to which mobile i is
connected.We notethat h j i

h j
< 1 for all i; j 2 M , and h j i

h j
� 1 if thereis a large

geographicdistancebetweenthemobilesi andj .
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It follows from asimplealgebraicmanipulationthat

X

i 2M

jbi j
X

j 6= i

2
hj i

hj
j� i � j j � 2(M ef f � 1) max

i
jbi j

X

i 2M

� 2
i ;

whereM ef f is de�nedasthelargestclusterof userswhohaveanonnegligibleeffect
oneachother'sSIRlevelsthroughin-cell andintra-cellinterference.It immediately
follows that, maxl M l < M ef f � M . In practice,a possiblede�nition of M ef f

wouldbe
M ef f := max

l
M l +

X

k2 N eighbor(l )

M k ;

whereN eighbor(l) is de�ned asthesetof �rst-tier neighborsof thecell l , dueto
negligible effectof mobilesin othercells,whicharefartheraway.

Usingthis to bound _V yields

_V � (� min
i

2ai + 2(M ef f � 1) max
i

jbi j)
X

i 2M

� 2
i :

Next, we re�ne assumptionA3asfollows:

A30. Ui (
 i ) satis�estheinequality
�
�
�
�
�
d2Ui

d
 2
i

�
�
�
�
�

 i <

dUi

d
 i
< (1 + 
 i )

�
�
�
�
�
d2Ui

d
 2
i

�
�
�
�
�
:

Remark 2 A large classof logarithmic utility functions,Ui = ui log(k
 i + 1),
wherek > 1 andui > 0 arescalarparameters,satisfyassumptionsA2andA30.

UnderA30, we have 0 � jbi j � ai =L. Hence,a suf�cient conditionfor _V < 0,
uniformly in thex i 's, is

L > m(M ef f � 1); (7)

wherem is de�ned as
m := max

x 2 X

maxi 2M ai

mini 2M ai
: (8)

Thus,V is indeeda Lyapunov function,andbeingalsoradiallyunboundedin x i 's,
it readily follows that � i (x(t)) = _x i (t) ! 0; 8 i . This in turn implies thatx i (t)'s
convergeto theuniqueNashequilibrium.Hence,theuniqueNE point (Theorem1)
is globally asymptoticallystablewith respectto the updatescheme(4) underthe
suf�cient condition(7). This resultis statedin thefollowing theorem:

Theorem3 Let xN E := [x �
1; x �

2; : : : ; x �
L ] be the uniqueNE of a static multicell

CDMAwirelessnetwork,wherex �
i := [x �

1i ; x �
2i ; : : : ; x �

M l i ], andeach mobilei 2 M l

in cell l 2 L staysconnectedto the respectiveBSfor all times.Then,the system
dynamicsaregloballyasymptoticallystableif

L > m(M ef f � 1);
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whereM ef f is de�nedasthelargestclusterof userswhohavea nonnegligibleeffect
oneach other's SIRlevelsandm is givenby (8).

3.2 TheDynamicCaseandHybrid Modeling

In thestaticcasetherearenohandoffs (switches)in thenetwork. Considernow the
dynamiccase, wheremobilesconnectto basestationsdynamicallyusingcriteria
like SIR or channelgain asthey move alongthecells.Then,it is possibleto con-
sidereachstatic casewith a �x ed distribution of usersamongcells asa separate
subsystem,q, belongingto a family (set)of systemsdenotedby Q. This leadsto a
hybrid systemwhereeachhandoff correspondsto switchingfrom onesystemto an-
other. In thestudyof thishybrid systemwemakeuseof theconceptof dwell-time,
� , which quanti�es theminimumamountof time betweentwo switches.However,
in a wirelessnetwork handoffs arerandomin nature,andthey mayoccurin short
bursts.Therefore,we alsomake useof the conceptof average dwell-time, which
is muchlessrestrictive thanthedwell-time[13]. Let usdenotethenumberof dis-
continuitiesof a switchingsignal � on an interval (t; T) by N � (t; T). Using the
de�nition in [14], � hasaveragedwell time � a > if thereexistsa positive integer
N0 suchthat

N � (t; T) � N0 +
T � t

� a
; 8T � t � 0:

Basedon our previousanalysisfor thestaticcase,we de�ne a quadraticLyapunov
functionV (q) asin (6) for thesubsystemq 2 Q. Modifying condition(7) as

L > m(M ef f � 1) + � (9)

where� > 0 is apositiveconstantyields

_V (q) � � �V (q) :

TheuniqueNE, xN E
q , of theqth subsystemis thengloballyexponentiallystableby

Theorem3.

To simplify therestof theanalysis,wewill makethefollowing assumptionwithout
any lossof generality:

A5. In themulticell wirelessnetwork, no two handoffs canoccurat thesametime.

Since,underA5, thetimesof occurenceof multiplehandoffs maystill bearbitrarily
closeto eachother, this technicalassumptionis not restrictive in practice.As a
resultof A5, switchingcanhappenonly between“neighbor”subsystems,dueto the
handoff of a singlemobilebetweentwo neighboringcells in thenetwork. Hence,
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thereexistsa �nite � > 1 suchthat

V (q)

V (r )
� �;

whereq; r 2 Q areany two “neighbor” subsystems.Let usalsode�ne thesetof
NE for all subsystemsas

N := f xN E
q ; 8q 2 Qg:

At agiventime instancethesystemhasonly oneNE which is anelementof theset
N . However, this uniqueNE alsoswitchesfrom oneequilibriumto thenext in the
setN with eachhandoff in thesystem.

Wenow extendtheresultsof Theorem3.2of [14] (Theorem4 of [13]), to multiple
equilibriumpoints.Noticethat,Theorem3.2of [14] doesnot applydirectly in our
caseastheequilibriumpointof themulticell systemshiftswith eachswitching.

Theorem4 Considera family of systems,Q, de�ned by _x = f q(x); 8q 2 Q
with x �

q beingtheuniqueequilibriumof theqth system.Supposethat there exist C1

functionsV (q) : Rn ! R; q 2 Q, classK1 functions� (q)
1 and� (q)

2 , anda positive
number� such thatwehave

� (q)
1 (jjx � x �

qjj ) � V (q)(x) � � (q)
2 (jjx � x �

qjj ); 8q 2 Q; (10)

and
_V (q)(x) � � �V (q)(x); 8x: (11)

Supposealsothat thereexistsa �nite � > 1 such that

V (q)

V (r )
� �; q; r 2 Q: (12)

LetN betheunionof thesmallestlevelsetsof V (q) ; 8q 2 Q thatcontainthesetof
equilibria N := f x �

q; 8q 2 Qg: Then,theswitchedsystemglobally asymptotically
convergesto thesetN for everyswitchingsignal� with averagedwell-time

� a >
log�

�
: (13)

Furthermore, N is invariant underthe samesetof conditionsif the dwell-time�
satis�es

� >
log�

�
; 8t: (14)

PROOF. Let us considerthe time interval (0; T) with switchingtimest 1; : : : ; tS

wherewe de�ne T > 0, t0 := 0, andS := T=�a without lossof generality. Given
theswitchingsignal� , de�ne thepiecewisedifferentiablefunctionW(t) as

W(t) := e�t V (� ) :
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Oneachinterval [t i ; t i +1 ) (betweenswitchingtimes),wehave from (11),

_W(t) � �W (t) � e�t V (� ) � 0:

By (12), this impliesthat

W(t i +1 ) � �e �t i V (� )(x(t i )) � �W (t i ):

Repeatingthis for all i = 0; : : : ; S � 1, andusingthede�nition of W(t) weobtain

V (� )(x(T � )) � e� �T � SV (� )(x(0)):

Then,from (13)andde�nition of S wehave

V (� )(x(T � )) � e( log �
� a

� � )T V (� )(x(0)): (15)

It directly follows thatV (q) decreasesandx convergesto x �
q at time T � for some

systemq 2 Q asT increases.Thus,by thede�nition of N thesystemconverges
globally asymptoticallyto N . Notice that, sinceat the time of switching,T, the
systemequilibriumshiftsfrom onepoint to another, no point in thesystemcanbe
asymptoticallystable.

We now show the invarianceof N under(14). Supposethat N is not invariant.
Then,thereexistsa trajectorythatstartsat a point x 2 N andleavesthis set.This,
however, would correspondto anincreasein V (q) for someq 2 Q, which leadsto
a contradictionby (14) and(15).Hence,N is invariantunderthesetof conditions
of thetheorem. 2

Basedon Theorem4 we next give the following resulton the multicell wireless
network:

Theorem5 Assumethat thefollowingconditionholdsfor all thecellsin thewire-
lessnetwork,for some� > 0:

L > m(M ef f � 1) + � ; 8l 2 L ;

where
m := max

x 2 X

maxi 2M ai

mini 2M ai
:

LetN betheunionof thesmallestlevel setsof V (q)(x) thatcontaintheNashequi-
libria, which are “neighbor” to q; 8q 2 Q. Then,under the setof assumptions
A1, A2, A30, A4, A5, the dynamicsof the multicell powercontrol gameglobally
exponentiallyconverge to N for everyswitchingsignal� with averagedwell-time

� a >
log�

�
:
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Furthermore, N is invariant underthe samesetof conditionsif the dwell-time�
satis�es

� >
log�

�
; 8t:

PROOF. Theconditions(10) and(11) in Theorem4 follow directly from (9) and
from thepropertiesof V undertheassumptionsA1,A2,A30, A4,A5. We notethat,
dueto theassumptionA5, N is asmallersetin thisspecialcasethanthemostgen-
eralone.Therestof theproof followsthesamelinesastheonesin Theorem4. 2

Remark 6 By assumptionA5, theequilibriumpoint of thesystemjumpsfromNE
of a subsystemto theNE of a “neighbor” subsystemwhich is closein “distance”
to it, where thedistanceis de�nedby a chosennorm.Hence, in a wirelessnetwork
where distribution of mobileschangesslowlyover time, theoperating point of the
systemmaystayin a subsetof N overa timeintervalmuch longer thantheupdate
interval.In thiscase, thepractical “size” of thesetN is much smallerthantheone
in Theorem5.

Proposition7 Considera wirelessnetwork with M mobilesand �L non-empty
cells.If M ! 1 then� ! 1, andhence, � ! 0.

PROOF. Without lossof generality, assumethat the k th mobile switchesfrom a
cell m 2 L to cell n 2 L . Then,by de�nition of � , andshowing explicitly its
dependenceonM ,

� (M ) =

� m;n +
X

i 2M m

� 2
i +

X

i 2M n

� 2
i

� m;n +
X

i 2M m ; i 6= k

�� 2
i +

X

i 2M n

�� 2
i + � 2

k

;

where� m;n =
P

l2L ;l6= m;n
P

i 2M l
� 2

i . As M ! 1 ,

� m;n �
X

i 2M m

� 2
i +

X

i 2M n

� 2
i and �� 2

i ! � 2
i ; 8i 2 M n ; M m :

Hence,� (M ) convergesasymptoticallyto1. Therefore,byTheorem5averagedwell-
time, � , diminishesto zero. 2

3.3 StabilityunderFeedback Delays

Even if we assumethat mobileshave perfectinformationon their channelgain,
cost,andsystemparameters,they still needthetotal receivedpower level to bepro-
videdby thebasestationin orderto implementthedynamicupdatealgorithm(4).
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TheBSdeterminesthetotalreceivedpowerlevel throughmeasurements,andsends
it to themobile.Measuring,processing(bothat BS andmobile),andsignalingof
this informationtakestime,which resultsin non-negligible delaysin thenetwork,
which cango up to 0:5 secondsin GSM systems(see[7], p.28).Herewe model
suchdelaysas a single �x ed feedbackdelay. Sincepropagation delaysare neg-
ligible for cellular wirelessnetworks, all mobilesin a cell experiencealmostthe
sameamountof feedbackdelay. In otherwords,delaysaresymmetricwithin acell.
Hence,thepowerupdatefunctionof thei th mobilein termsof x i becomes

_x i (t) =
dUi

d
 i

L� i h2
iP

j 6= i; j 2M l
x j (t � r ) + � 2

l
� � i hi

dPi

dpi
(t) := � i (x(t)) ; (16)

wherer > 0 denotesthefeedbackdelayin thenetwork.1

We now investigate stability of a single cell, l , by introducing the radially un-
bounded,quadraticLyapunov function

Vl (x(t)) :=
X

i 2M l

� 2
i (x(t)) + (max

x 2 X l
max

i
jbi j)(M l � 1)

X

i 2M l

Z t

t � r
� 2

i (x(s))ds:

AssumingA1,A2,A30, andA4to hold,weessentiallyrepeattheLyapunov analysis
of Section3.1.Takingthederivativeof Vl (x(t)) with respectto t, wehave

_Vl (x(t)) �
P

i 2M l
� 2ai � 2

i (x(t)) + (maxx 2 X l maxi jbi j)

�

"
P

i 2M l

P
j 2M l ; j 6= i 2j� i (x(t)) � j (x(t � r )) j

+( M l � 1)

 

� i (x(t))2 � � i (x(t � r ))2

!#

It again follows from asimplealgebraicmanipulationthat

X

i 2M l

X

j 2M l ; j 6= i

2j� i (x(t)) � j (x(t � r )) j � (M l � 1)
X

i 2M l

� 2
i (x(t)) + � 2

i (x(t � r )) :

Usingthis to boundVl furtheraboveyields

_Vl (x(t)) � (� min
i

2ai + 2(M l � 1)) max
x 2 X l

max
i

jbi j
X

i 2M l

� 2
i (t)

Hence,asuf�cient conditionfor _Vl (x(t)) < 0, uniformly in thex i 's, is

L > ml (M l � 1); (17)

1 Here,to avoid cumbersomenotationalcomplexity weignoretheinterferencefrom neigh-
boringcells;for extensionsto multi-cell environments,seeRemark8 later.
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whereml is de�ned as

ml :=
maxx 2 X l maxi 2M l ai

minx 2 X l mini 2M l ai
:

Thus,theuniqueNE point (Theorem1) of cell l is globally asymptoticallystable
with respectto theupdatescheme(16) underthesuf�cient condition(17) for any
feedbackdelayr . Note that the conditionin (17) is morerestrictive thanthe one
in (7). Moreover, althoughthevalueof r doesnotaffect stability, largedelaysmay
result in slower convergencerates,and they may decreasethe robustnessof the
system.

Remark 8 Theanalysisabovecanbeextendedin a natural wayto thestaticand
dynamicmultiple cell casesto obtain counterpartsof Theorems3 and 5 for the
delayedinformationcase;wehavenot carried out this extensionhere in order to
keepthebasicmessageclear.

3.4 CommunicationConstraints

Total receivedpower level,
P

i 2M hil pi + � 2
l , at theBS of thecell l constitutesthe

maininformation�o w in thedistributedpower updatescheme(4). BS hasto send
mobilesthis quantity(stateinformation)asfrequentlyaspossiblein orderfor the
updatealgorithmto converge.This, however, maybring a signi�cant overheadto
the system,if not implementedef�ciently . We investigateherea simplepractical
schemewhich lessensthecommunicationoverhead,andhence,increasestheef�-
ciency throughquantization(seeFigure2).

Mobile 1

...
Mobile 2

Mobile M

h_1 p_1

h_2 p_2

h_M p_M

Quantizer

Base Station

h_i p_iS S h_i p_i ) Q (

Fig. 2. A simplequantizationschemefor reducingoverheadin thesystem.

Althoughtotal receivedpower level canbemeasuredto agreataccuracy at theBS,
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it is notnecessaryto sendthisinformationto themobilein its mostaccurateform as
this would wastevaluablebandwidth.Instead,this valuecanbequantizedwithout
destroying systemstability. We consider, for its simplicity andeaseof implemen-
tation, a uniform quantizationscheme.Assumethat thereexists a �x ed practical
upperboundon

P
i 2M hil pi + � 2

l , de�ned as F for any cell l . Then,a K level
quantizationof aggregatereceivedpower level is

0 � � K (
X

i 2M

hil pi + � 2
l ) � F; 8l 2 L

where� K is aK level uniformquantizer. As longas
P

i 2M hil pi + � 2
l 2 [0; F ] holds

for all cells,themaximumquantizationerror� is de�ned as� := F=2K .

A derivation similar to the one in Section3.1 resultsin the following modi�ed
versionof thesuf�cient conditionin (17) for stabilityof thesystemin thepresence
of thequantizationerror� ,

L > m(M ef f � 1);

wherem is de�ned as

m :=
max

i

�
�
�
�
�
d2Ui

d
 2
i

�
�
�
�
�

L2� i h2
i

(
P

j 6= i (hj i =hj )x j + � 2
l )2 + �

min
i

�
�
�
�
�
d2Ui

d
 2
i

�
�
�
�
�

L2� i h2
i

(
P

j 6= i (hj i =hj )x j + � 2
l )2 � �

:

Hence,given a suf�ciently large L, thereexists an upper-boundon � which pre-
servesstability. Using this valueof � we obtain the minimum numberof bits to
representthefeedbackinformation,

bitmin = dlog2 F=(2� )e;

whered:e denotesceiling function(roundingup to thenext integer).Assumethat
the mobile updatefrequency is f updateH ertz. Then, the systemoverheadin the
downlink for amobileis givenby

bitr ate = f updatedlog2 F=(2� )e bps(bits-per-second):

Therateof changein thetotal receivedpower level in acell canbeboundedabove
by Fvar ,

@(
P

i 2M hil pi + � 2
l )

@t
� Fvar :

Therefore,sendingthemobilestheincrementalchangesin thetotal receivedpower
level insteadof sendingthewholeinformationeachtime resultsin bandwidthsav-
ings.In thiscase,in orderto maintainthegivenmaximumquantizationerror, � , the

14



minimumnumberof bits to useis

bitmin = dlog2
Fvar

2� f update
e;

andthebit rateis givenby

bitr ate = f updatedlog2
Fvar

2� f update
e bps:

Wenotethatthis incrementaldeliveryof feedbackinformationresultsin signi�cant
savingsof overheadbandwidth.

4 Simulations

Wesimulatedthepowercontrolschemedevelopedin MATLAB. Thecostfunction
for thei-th user(mobile)waschosenas

Ji (x i ; x � i ; hi ) =
1
2

� i x2
i � ui log(
 i + 1); (18)

where� i > 0 andui > 0 areuserspeci�c pricing andutility parametersrespec-
tively. Notice that the quadraticpricing and logarithmic utility functionsin (18)
satisfyassumptionsA1, A2, A30, A4 with anappropriatechoiceof parameterval-
ues.Therefore,resultsof Theorem5 applyto thefollowing powerupdatealgorithm
of thei-th mobile,which is connectedto BS l,

_pi = � i
ui

pi + 1
Lh i

(
P

j 6= i hj lpj + � 2
l )

� � i � i hi pi ;

if A5 andconditionon averagedwell-timearesatis�ed. In the simulations,a dis-
cretizedversionof thisupdateschemewasimplemented:

p(n+1)
i = p(n)

i +
ui

p(n)
i + 1

Lh i
(
P

j 6= i hj lp
(n)
j + � 2

l )
� � i hi p

(n)
i :

The scenariowe adoptedis the following. We have a simple multicell wireless
network consistingof six rectangularshapedcellswith 40 users.Basestationsare
locatednearthecenterof eachcell. ThesystemparametersarechosenasL = 128
and� 2

l = 1 8l. Costparametersarethesamefor all users,ui = 100; � i = 1; � i =
1 8i , and they are �x ed for the durationof the simulation.Mobiles are initially
locatedrandomlyin thesystem,andtheir movementis modeledasa randomwalk
with a speedof 0:0001units per update,wherewe set the updatefrequency to
100 H z. Hence,if we assumea systemwith unit size of 1000m, then mobiles
movewith aspeedof 10m=s.
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Fig. 3. Locationsof basestationsandthepathsof mobiles.
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Fig. 4. A samplepathof amobile.

Thechannelgainof thei-th mobileis determinedby asimplelarge-scalepathloss
formulahi = (0:1=di )2 wheredi denotesthedistanceto theBS, andthepathloss
exponentis chosenas2 correspondingto openair pathloss.Thechannelgainh i is
chosenasoneif di < 0:1. However, fastandrandommovementof mobilesresult
in highervariationsin thechannelgains,andhence,compensatefor this simpli�-
cation.We usethechannelgain asthehandoff criterion.Eachmobileconnectsto
thebasestationwith highestchannelgain, which in turn correspondsto thenear-

16



estone.In Figure3, locationsof basestationsandthe pathsof all mobilesin the
network areshown. A samplepathof asinglemobileis shown in Figure4.
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Fig. 5. Power levelsof 10selectedmobileswith respectto time.
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Fig. 6. SIRvaluesof 10selectedmobiles(in dB) with respectto time.

Figures5 and6 depictthepower levelsandSIR valuesof mobilesfor theduration
of thesimulation.Noticethat thepower levelsconvergeto theequilibriumpoints,
which shift dueto handoffs in thesystem.Jumpsin SIR valuescanbeobservedin
Figure6 whena mobile movesfrom a lesscongestedcell with a smallernumber
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Fig. 7. Power levels of 10 selectedmobileswith respectto time undera communication
delayof 50steps.

of mobilesto a morecongestedoneor vice versa.Variationsin congestionlevels
in thecellsandin channelgainsarealsothereasonswhy not all mobileshave the
sameSIR levelsdespitehaving thesamecostparameters.Thesimulationwasre-
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Fig. 8. Aggregatereceivedpower levelsat thebasestations.

peatedwith thesamesetupbut with a 50steps(0:5 seconds)communicationdelay
betweenthebasestationandmobiles.In accordancewith theresultsin Section3.3,
convergencecharacteristicsof thesystemarenotsigni�cantly affectedby thepres-
enceof feedbackdelayexceptfor theconvergencerate,asit canbeseenin Figure7.
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Figure8 shows theaggregatereceivedpower levelsat thebasestations.The`rel-
ative' smoothnessof thesevaluesindicatesigni�cant savings in systemoverhead
whenthefeedbackquantizationschemeanalyzedin Section3.4 is implemented.

5 Conclusion

In thispaper, wehave formulatedanoncooperativepowercontrolgamein amulti-
cell CDMA wirelessnetwork,whichis modeledasaswitchedhybrid systemwhere
handoffs of mobilesbetweendifferentcellscorrespondto discreteswitchingevents
betweendifferentsubsystems.Undera setof suf�cient conditions,we have shown
theexistenceandglobalexponentialstabilityof auniqueNashequilibriumfor each
subsystemundera gradientalgorithm.We have alsoestablishedtheglobalconver-
genceof thedynamicsof themulticell power controlgameto a convex supersetof
Nashequilibriafor any switching(handoff) schemesatisfyinga mild conditionon
averagedwell-time.We have investigatedthe robustnessof theseresultsto com-
municationconstraints,suchas feedbackdelaysandquantization,andhave pre-
senteda schemeto reducethecommunicationoverheadbetweenmobilesandthe
basestations.We have alsoillustratedtheproposedpower controlschemethrough
MATLAB simulations.

The mathematicalmodel developedcapturesa fairly broadclassof convex cost
functions,andaddressesthemulticell resourceallocationproblemin CDMA wire-
lessnetworks.Thegradientupdatealgorithmusedis market-based,distributedin
nature,robustwith respectto feedbackdelays,andrequireslittle overheadin terms
of systemresources.Somedirectionsfor futureresearch,which canbeviewedas
extensionsof thepresentwork, aretheoreticalanalysesof thevariationsin channel
gains,andtheeffectof discretizationon theproposedupdatescheme.
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