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Abstract—We present a game-theoetic treatment of
distrib uted power control in CDMA wir elesssystemsusing
outageprobabilities. We rst provethat the noncooperative
power control game considered admits a unique Nash
equilibrium (NE) for uniformly strictly cornvex pricing
functions and under some technical assumptionson the
SIR threshold levels. We then analyze global corvergence
of continuous-time as well as discrete-time synchronous
and asynchronous iterative power update algorithms to
the unique NE of the game. Furthermor e, we show that
a stochastic version of the discrete-time update scheme,
which models the uncertainty due to quantization and
estimation errors, corverges almost surely to the unique
NE point. We nally investigate and demonstrate the
convergence and robustness properties of these update
schemesthr ough simulation studies.

Index Terms — Power control, communication systems,
gametheory, code division multiaccess,resouice manage-
ment, stochasticsystems.

. INTRODUCTION

The primary objectve of uplink power control in
code division multiple access(CDMA) wireless net-
works is to achiese and maintain a satistctory level
of service,which may be describedin termsof signal-
to-interferenceratio (SIR). Since in CDMA systems
signalsof otheruserscanbe modeledasinterferingnoise
signals,thereis a tradeof betweenthe individual objec-
tives of mobilesandthe overall systemperformancelf
mobileshave differentpreferencesor thelevel of service
or varying SIR requirementsthen the power control
problem can be posedas one of resourceallocation.
Furthermore,under a distributed power control regime
the mobiles cannothave detailed information on each
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others preferencesand actionsdue to communication
constraintsinherentto the system.lt is, hence,appro-
priateto addressCDMA uplink power control within a
noncooperatie gametheoreticframenork, where Nash
equilibrium (NE) provides a relevant solution concept.
The power controlgamecanalsobe extendedby making
use of pricing. A pricing schemenot only enhances
the overall systemperformanceby limiting the interfer
ence[l], but alsoresultsin batteryenegy preseration.

Sereral studiesexist in the literature that use game
theoretic schemesto addressthe power control prob-
lem [1]-[6]. In [1] a framenork for power control based
on noncooperatie game theory and pricing has been
presentedThis analysishasthenbeenextendedn alater
study[3] to multiple cells. The study[4] hasshavn the
existenceof uniqueNE for a certaintype of pricing func-
tion andunderbinary input Gaussiaroutputand binary
symmetricchannelassumptionsAnother study [2] has
proposedliinear and exponentialutility functionsbased
on carrier (signal)-tointerferenceratio, and has shovn
the existenceof a NE under someassumptionsn the
utility functions.Alpcan et al. [5] hasstudieda power
control game with speci ¢ cost structurein a single
cell. This analysis has later been extendedin [6] to
a more generalclassof cost functions and a multicell
framavork. In both studies,existenceof a unique NE
hasbeenproven.

In wireless communication systems, mobiles fre-
guentlyupdatetheir power levels dueto varying channel
conditionsin orderto maintaintheir SIR (service)level.
The power control game leads to distributed power
control algorithms as a mean to achieve this goal.
An important aspectof a distributed powver control
schemeis the corvergence properties of algorithms,
which plays a signi cant role in performanceof the
system.The study [7] has presenteda standardpower
control algorithm, and has establishedts synchronous
and asynchronouscorvergence under some conditions
on the interferencefunction. In [8], stochasticpower
controlscheme$iave beeninvesticated,andthe converge
of stochasticalgorithmsin termsof mean-squareérror



has been proven. Another study [9] has shavn the
convergenceof a coupledpower control schemebased
on minimum outageprobability and multiuserdetection
by makinguseof standardnterferencegunctionsof [7].
In [5], two updatealgorithms,namely parallel update
and random update have been shavn to be globally
stableunderspeci ¢ conditions.Finally, in [6] theglobal
convergenceof the dynamicsof the power control game
to a supersetof Nash equilibria has been established
for ary handof schemesatisfyinga mild condition on
averagedwell time.

In this paper we considera power control game
similar to the one in [6], which incorporatesa pric-
ing mechanismlimiting the overall interferenceand
preservingbattery enegy of mobiles. We capturethe
preference®f mobilesusinga utility function, which is
de ned asthelogarithmof the probability thatthe frame
successate of the datauseris greaterthana prede ned
individual thresholdlevel. This utility function canalso
be describedn termsof frameoutageprobabilities[10].
Underthe assumptiorthat the fading channelgain (and
hencethe SIR) is static over a data frame, this frame
outage probability can also be relatedto the standard
outage probability notion used for voice communica-
tions [9], which is given by the probability that the SIR
falls below a predeterminedhreshold.The notion of an
outageprobability is useful for rapidly varying fading
channelswhere trying to maintain an SIR threshold
may becomeinfeasibleor canleadto powver warfares.
Rapid tracking of the randomly varying channelcan
also signi cantly increasethe communicationoverhead
betweenthe basestation and the mobile transmitteras
well. Motivated by theseissues,we considera two-
time scale channelgain model, consistingof a slowly
varyingcomponentwvhich we assumeo be constanbver
the time scale(and henceknown) of the applicationof
our algorithm, and a fast fading componentwhich is
not known at the transmitteror recever but we assume
that the statistics of this fast fading componentare
known (or can be accuratelyestimated.In this paper
we assumethat this fast fading componentis Rayleigh
distributed. For detaileddiscussionn justi cations for
usingthis model,see[9], [11]. In the context of sucha
generalizedadingchannelmodel,we thereforeconsider
a noncooperatie pover control game which usesan
outageprobability basedinsteadof an SIR basedutility
function and alsoincorporatesa pricing mechanism.

The noncooperatie power control game thus ob-
tainedadmitsa uniqueNashequilibriumunderuniformly
strictly corvex pricing functions and some technical

assumptionson the SIR thresholdlevels. Furthermore,
we investigate global corvergence of continuous-time
aswell asdiscrete-timesynchronousand asynchronous
iteratve power update algorithms to the unique NE
of the game. A stochasticversion of the discrete-time
update scheme,which models the uncertainty due to
guantizationand estimationerrors,is shavn to converge
to the NE almostsurely underspeci ¢ conditions.The
convergenceand robustnesgropertiesof theseschemes
are demonstratedhrough simulation studiesin MAT-
LAB.

The next section describesthe model adoptedand
the costfunction. In sectionlll, we prove the existence
and uniguenes®f the Nashequilibrium. We presentin
section IV systemdynamicsand stability analysis of
a continuous-timeupdate scheme.In sectionV, con-
vergencepropertiesof both deterministicand stochastic
discrete-timeupdate algorithms are investicated. Sec-
tion VI containsresultson simulationstudies.The paper
concludeswith a recapof the resultsand elucidationof
directionsfor future researchn sectionVII.

Il. THE MODEL

We consider a multicell CDMA wireless network
model similar to the ones describedin [3], [9]. The
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L, andthe setof all usersis de ned asM := $g|M I
The numberof usersin eachcell is limited throughan
admissioncontrol scheme.We associatea single base
station (BS) with eachcell in the system,and de ne
hi fip; asthe instantaneouseceved power level from
useri at the | BS. To simplify the analysis,we let a
mobile connectto one BS only at ary given time. The
quantitiesh; (0 < hy < 1) andf; (fj > 0) represent
theslow-varyingchannelgain (excludingary fading)and
fasttime-scaleRayleighfading betweenthe i!" mobile
andthe I" BS, respectiely [12]. We assumethat the
factors affecting h; do not changesigni cantly over
the time scaleof this analysis,and the termsf; (static
over individual dataframesbut varying from one frame
to another) are unit mean independentexponentially
distributed randomvariables(Rayleighfading).

LetM ..t denotethesetof useran theneighborhood
of cell | who have a nonngligible effect on eachother's
SIR levels throughin-cell and intra-cell interferencelt
immediatelyfollows thatM | M.ef¢ M . Without
loss of ary generality we de ne the setM |+ in this
paperas

M ett == M [ [ keneighbor)M k 5



where N eighbor(l) is de ned as the set of rst-tier
neighborsof cell |I. Furthermore,the contribution of
mobilesin other cells to the interferencelevel of cell
| is modeledas a x ed backgroundnoise, of variance
2
‘.

The it" mobile transmitswith a nonnejative uplink
power level of p Pi:max » Where pimax IS an upper
bound imposedby physical limitations of the mobile.
Thus,in accordancevith the interferencamodelconsid-
ered,the SIR obtainedby mobilei at the basestationl|
is given by (static over one dataframe)

Lhi fi p;
oM o cjei R+ 7

il =P

(1)

Here,L := W=R > 1 is the spreadinggain of the
CDMA system,whereW is the chip rateandR is the
data rate of the user The outage probability of user
i, denotedQ;, is de ned as the proportion of time
that some SIR threshold, j, is not met for sufcient
receptionat the | BS recever [9]. By a careful choice
of j, a quality of servicelevel can be establishedor
eachuser(see[10] for detailson how a minimum frame
successrate can be corverted to an appropriateSIR
thresholdfor a speci ¢ modulationand codingscheme).
The outageprobability, Oy = Pr( ; i), of theith
mobile at the I BS is de ned as
X

Oy = Pr hofjp + 2
J2M et 1] 6

2)

wherePr( i) denoteshe probability of the event
correspondingo il -

For analysispurposesthe meanpower level of mobile
i receved at the I'" BS can be de ned without ary
loss of generality asx; := hj p;, sincethe meanvalue
of the Rayleigh fading channel can be incorporated
into the value h; . Let the receved power level vector
of cell I be x; = [(Xj);] 2 M ett. Then, the

hi fii pi il

Mx = 1oL Miett, where M.t is the number of
elementsof the set M |¢¢. In order to simplify the
notation, we will drop the index identifying the BS
(e.g0.xj = Xxj) in caseswhereit is obvious from the
context that mobile i is connectedo the I" BS. As a
further simpli cation, we let the thresholdSIR for the
i mobile bede ned as ; := ik 8l k2 L. We
note that the outageprobability in (2) canbe expressed
in analytical form which we reproducehere without
deriation.Its derivationcanbefoundin [13], andin [11]
for a simpli ed version of the expression.The outage

probability of the i mobile connectedo the I" BSis
thus given by
2 Y 1
J2M e ;)8 1+ ﬂ
Xil

3)
Henceforthwe drop the index “I” from x; and Oy,
and adopt the corvention thatj 6 i standsfor j 2
M |eff; ] 6 i, wherel is the BS to which mobile i
is connected.

Theit" users costfunctionis de ned asthedifference
betweenthe utility function of the userand its pricing
function, J; = P Ui, similar to the one in [5].
The utility function, U;(Pr;( ; i), Is a logarithmic
function of the probability that the SIR of the i user
is largerthanthe prede nedthreshold, ;, andquanti es
approximatelythe demandor willingnessto pay of the
userfor a certainlevel of service.Noticethat, Pr;( ;

i)isequaltol Oj, whereO; is the outageprobability
in (3). Hence,the utility function for useri is de ned

by
Ui(x) := ujlog(Pri( i(x)

Oi(x; i)=1 exp

i) = Uilog(l Oi(x; i));
(4)

whereu; is a userspeci ¢ utility parameter

The pricing function, P;(p;), on the other hand, is
imposedby the systemto limit the interferencecreated
by the mobile, and henceto improve the systemperfor
mance[3]. At the sametime, it canalso be interpreted
as a coston the batteryusageof the user As a result,
the costfunction of the i!" userconnectedo a speci ¢
BS is given by

Ji(x) = Pi(xi) uilog(Pri( i(x) i); (5)

wherewe have usedx;, insteadof p;, asthe agument
of P;, by a possiblerede nition of the latter.

[11. EXISTENCE AND UNIQUENESS OF NASH

EQUILIBRIUM

It follows from (4) immediatelythat the utility func-
tion U; (x) is continuouslydifferentiablen its aguments.
In orderto calculatethe derivativesof the utility function
with respectto x, we rst evaluate @ri( i(x)

i)=@; using(2) and(3):

@ri(i(x) i) _ o .
@ = POrI( i(x) i)

P_ _ 1 A
j6i
Xj +

@i+

x?




Thus,the rst andsecondorderderivativesof mobilei's
utility function, U;(x), with respectto x; aregiven by

@Ji(x)_ui|2i+x u o,
. - 2 2 1
@i Xi jsi Xi iX>|<j|
and
@Ui(x) _ 2u 2; X 1+ 2%,‘. <0
@2 - X3 U| X»2 2 !
' ' s Xj+ =
i A
respectiely. Furthermorefor j 6 i,
@Ui(x) _ Ui i > 0

@i @1 (Xi+ ixj)?

Let us de ne Xmin and Xmax as lower and upper
boundson xj 8i; I, i.e. Xmin < Xii < Xmax 8i; I. If
the meanreceived power level of a mobile at the BS
is lessthan xmin , thenits effect is neggligible and it is
modeledas part of the backgroundnoise. The upper
boundXxmax is further boundedabore by pmax with a
possibleequality in the caseof no channelattenuation.
We alsode ne min (Umin ) @and max (Umax) in sucha
way that min < | < max (Umin < Uj < Umax) 8i.
We now make the following three assumptionson the
price function P;, for all mobilesi.

Al. The pricing function P; (x;) is twice continuously
differentiable non-decreasingnduniformly strictly con-
vex in X, i.e.

dPi(xi)=dx,  O; d’Pi(xj)=dx? v > O; 8xi;
for somev > 0.

A2. Giventhe setof parameter$ M .eft, min, max,
Xmin» Xmax¥, V in Al above satis es the following
inequality:

X2
V( min + l)ﬂ"' (M et
Umax

Umin ngin

1) min >1

Umax 3max

A3. The pricing function P; andthe parameteof the
utility function arefurther pickedin sucha way thatthe
i users costfunction, J;, hasthe following properties
atXi = Xmin (Xi = Xmax) @ @i(X : Xi = Xmin )=@; <
08x (@i(x : Xi = Xmax )=@,; > 08x), respectiely.

The Nashequilibrium (NE) in acell is de ned asa set
of power levels,p (andcorrespondingetof costsJ ),
with the property that no userin the cell can benet
by modifying its power level while the other players
keeptheirs x ed. Mathematicallyspeakingx is in NE
whenx; of ary i useris the solutionto the following

optimizationproblemgiventhe equilibrium power levels
of othermobiles(in the setM ¢t ), X ;:
min

Xi Xmax

Ji(Xi;x ): (7

Xmin
Note that given the channelgains, the NE point x is
equialentto p .

Thanks to assumptionAl, the cost function J; is
strictly corvex and belongsto a fairly large subclassof
corvex functions.Hence,thereexists a unique solution
to the it users minimization problem,which is that of
minimizationof J;, giventhe systemparameterandthe
power levels of all otherusers.We will next malke use
of the technicalassumptiomA2 in the proof of existence
of a unique NE. Notice that, xmin is boundedbelow
by de nition. Hence,A2 is easily satis ed for a large
numberof useraM or high SIR thresholds in evenif v
is small. AssumptionA3, on the otherhand,ensureghat
ary equilibrium solutionis an inner one, i.e., boundary
solutions X; = Xmin (X; 8i cannot be
equilibrium points.

= Xmax)

Theorem I11.1. Under A1-A3,the multicell power con-
trol gamede ned admitsa uniqueinner Nash equilib-
rium solution.

Proof. The proof of this theoremis similar to the ones
of Theorem3.1 in [14] and of Theoremll.1 in [6].

It is briey outlined herefor completenessLet X :=

fx 2 RMX : Xmin Xi  Xmax 8i; |g be a setof

feasiblereceired power levels at the basestationsunder
the interferencemodel consideredClearly X is closed
and bounded,and hence compact. Furthermore,it is

alsocorvex, andhasa nonemptyinterior. By a standard
theoremof game theory (Theorem4.4 p.176 in [15])

the power control game admits a Nash equilibrium. In

addition, by A3 this solutionhasto be inner.

Let Ajj = =2 andB; := %f_g,wheremobilei

is connectedo the BS | Dene M. M matrix G(X)
with diagonalentriesB; andnonzeroentriesAj; , if j 2
M |.eff . It followsfrom A2thatB; > jA;;j 8i;j.Hence,
the symmetricmatrix G(x) + G(x)" is positive de nite.
Then,usingan argumentsimilar to the onein the proof
of Theorem3.1 in [14] one canshaow thatthe inner NE
solutionis unique.Thus,thereexists a uniqueinner NE
in the multicell power control game. O

V. SYSTEM DYNAMICS AND STABILITY ANALYSIS

We considera dynamic model of the power control
game similar to the one of [6] where each mobile
usesa gradientalgorithmto solve its own optimization



problem(7). Accordingly, the power updatealgorithmof
thei®h mobileis:
dt @i
for all i 2 M . This can also be describedin terms of
the receved power level, x;, at the " BS:
_ 2 @i(x)  dPi(x) _
Xi = hi & dx = (8)
By taking the secondderivative of x; with respectto
time, we obtain

i(x); 8i

dZP. X;
xi=h? & dlx(-z ) xi+h? by = 4(x);
i j6i
)
wherea; andb; arede ned as
2Xi
@Ui(x) 22+ . X 1 iX
a = @2 = Uj X3 + Uj 2 2;
i i isi x + X
i Xjl
and
hj — @UI(X) _ i

@ @) O iXj1)2’
Notice thatboth a; andb;j arepositve.

We establish the stability of the power update
scheme(8) undersomesufcient conditions.The setof
feasiblereceved power levelsis invariantby assumption
A3, which immediatelyfollows from a boundaryanaly-
sis.Whenx; = Xmin for somei 2 M, wehavex; > 0
under A3. Hence, the systemtrajectory moves toward
inside of X . Likewise, in the caseof Xj = Xmax for
somei 2 M, x; < 0, andhence,the trajectoryremains
insidethe setX . Let usintroducea candidateLyapunw

functionV : RMX1 R as
X 1 )
V(x) = nZ F(x);
i2Mm i

which is in fact restrictedto the domain X . Note that
becausef the uniquenes®f the NE, x , i(x) = 0 8i
if andonly if x = x . Hence,V is positve for all x
exceptfor x = x .

Taking the derivative of V with respectto t on the
trajectori)c?sgenerated)y (8), wgz( obtain

\L(x) (2v+ 2a) 2+

X - .

max by;; 2 il

i2M i2M j6i

It follows from a simple algebraicmanipulationthat
X X

max by
j

2 i j] 2(Mesg 1)Wil,Js':1Xb;j 7
isi '

i2M i2M

whereMess := max; Mgt -

Using this to bound\. further yields
X
V() ( (2vtmin 2a)+2(Mers 1)maxhy) P
! " i2M
Next, we modify assumptiorA2 asfollows:
A2’. Assumethat the following inequality holds:
Umin Xpmin

X2
i+ (M:ef f

Umax

V( min + 1)

1) min

Umax Xﬁ'}ax

> Mett 1 8l:

RemarkIV.1. A2 holdswhen i, and/orv are suf-
ciently large.

UnderAZ’, we have \/(x) < 0, uniformly in the x;'s
on the trajectoryof (8). Thus,V is indeeda Lyapunw
function, andit readily follows that ;(x(t)) = x;(t) !
0; 8i. Thisin turn implies that x; (t)'s corveme to the
unique Nash equilibrium. Hence,the unique NE point
(Theoremlll.1) is globally asymptoticallystableon the
invariantsetX with respecto the updateschemg8) un-
derthe assumptions\1, A2", A3 by Lyapuna’'s stability
theorem(seeTheorem3.1in [16]).

V. ITERATIVE POWER CONTROL ALGORITHMS

We investicate in this section stability propertiesof
synchronousand asynchronousterative power control
schemessthey areof practicalimportanceWe rst an-
alyzegradientbasedsynchronousind asynchronousip-
datealgorithmsof the power controlgamein Sectionlll.
Consequentlywe study corvergenceof stochastidtera-
tionsto theuniqueNE solutionby takingcommunication
constraintsand estimationerrorsinto account.

A. Syntironousand Asyn@ironousUpdate Shemes

Considera discrete-timecounterpartof the update
schemein (8) in a systemwith M mobileswhereeach
mobile usesa gradientalgorithmto solwe its optimization
problem(7):

P+ D= pn) D gi2M
|

wheren = 1;2;:::, denotesthe updateinstancesand
i is the userspeci c stepsize de ned by =h;.

Here, denoteghe systemwide stepsize constantFor

notational corveniencethis can also be de ned as a

mapping from the receved power levels at the BS to

the updatedpower levels,x(n + 1) = T(x(n)), i.e.

@i .

— 8i2M

@i

xi(n+ 1) = Ti(x(n)) := xi(n) : (10)



In the caseof synchronousupdate algorithm, each
mobile updatests power level at the sametime instance.
We study here sufcient conditionsfor corvergenceof
the systemto the uniqueNE, x , underthe synchronous
update.This analysisfollows lines similar to thosein the
proof of Proposition1.10 of [17, p. 193]. Letx 2 X =
fx 2 RMX : Xmin  Xi  Xmax 8i; lg anddene a
functiong( ) : [0;1]! R for thei™™ mobile by

g( )= )X );

where ; is de ned in (8). We thenhave

i+ (@ )x+  q(x+ (1

R
ITi(x) Tix)i=ja@) a@j= ,

dg( ) dg( ) .

Rl
0 d— d max 2[0:1]

wherex , the NE, is the x ed point of the mappingT.
We bound d%( )

above by

Imposingthe condition @ =@; < 1, we have
0 2 31

@j @i,
—_— —5 .
@ 4 i | kx x k;

dg ()

j6i
wherekxk := max; jX;j is the maximumnorm. De ne
0 1
@@ Qin.
@i 6 @

which leadsto jTi(x) X;]j i kx  x k for eachi.
Let max; ; and K := max; Ki. We obtain then
KT(x) x k kx x k,if K < 1. Anupperbound

on K in termsof systemand costparameterss

. d?P; (Xmax ) + 2(M et

1) max Xmax

K = max R Com + D33
+ 2 2 max ,
X?nin .
(11)
Imposing the condition < 1, it readily follows that
for arbitrary x 2 X, T"(x) ! x asn ! 1,

sincekT"(x) x k N kx
condition < 1 is satis ed if

X k. Furthermore,the

X i2X-2 + 2 iXiXj| i
/| ) ! > 0 8i:
isi X2(xi + ixj1)2 (Xt ixj1)?
Let Xmax = Xmin for some > 0. Then,a sufcient

conditionfor < 1is

P
<1+ 1+ nin;

which follows from a straightforvard atgebraicder'wa—

tion. Thus,under K < 1and < 1+ I+ ., the

synchronouspower update schemegiven in (10) con-

vergesto the NE solution,x . This resultis summarized
in the following theorem:

Theorem V.1. Lét Xmax = Xmin for some > 0 and
X fx 2 RMX : x.in Xil Xmax 8i; 1g. The
syndironouspower updatealgorithm

. _ @i
pi(n+ 1) = pi(n) @

- 8i2M
|
convergesto the unique NE point of the power contol

game p := [x;=hg;::1; Xy, =hm], onthesetX if
d?P; (x 2(M 1 X
max |( 2max)+ ( ef f )maéx max
dxi ( min + L)Xy
2 2 max .
+x3—- <1
min
and p
<1l+ 1+ nin:
RemarkV.2. Given Xmin , Xmax, , andsystemparam-

etersM¢fs and 2, the conditionsof TheoremV.1 can
be satis ed by choosing and max; d?P;(Xmax ) =dx?
sufciently small while keeping min sufciently large.
We refer to SectionVI for speci ¢ numericalexamples
thatillustrate this.

A naturalgeneralizatiorof the synchronousipdateis
the asynchronousipdateschemewhere only a random
subsetof mobiles updatetheir power levels at a given
time instance.This is in fact more realistic since it
is dif cult for the mobilesto synchronizetheir exact
power updateinstancesin a practical implementation.
In this particularcase however, the corvergenceanalysis
above alsoappliesto theasynchronouspdatealgorithm.
De ne a sequenceof nonempty corvex, and compact
sets

X(k)=[xg  (k)ixg (K] (k):x2

(K)i Xy

(k)]
(KI;

(X2

X



where (k) := kx(k) x k. Since by TheoremV.1,
(k+ 1)< (k), we have

X(k+1) X(k) :::X:

We next give the de nitions of two well known con-
ditions which togetherare sufcient for asynchronous
convergenceof a nonlineariterative mappingx(n+ 1) =
T(x) [17, p. 431].

De nition V.3 (SynchronousCorvergence Condition)
For a sequenceof nonemptysetsf X (k)g with :::
X(k+1) X((k) :::X;wehaeT(x)2 X(k+
1); 8k; andx 2 X (k). Furthermore,if fykg is a
sequencesuchthat yk 2 X (k) for every k, then every
limit point of fyXg is a x ed point of T.

De nition V.4 (Box Condition) Given a closed and
boundedsetY in R, for everyk, thereexist setsX (k)
Y suchthat

X (k) = Xa(k)  X2(k) X (k):

In our caseY is de ned asthe intenal [Xmin ; Xmax |,
and X; := [x; (k);x; + (Kk)]. Hence,the box con-
dition is satis ed by the de nition of X (k). Since (k)
is monotonically decreasingn k by TheoremV.1 the
synchronouscorvergence condition also holds. There-
fore, the next convergenceresult for the asynchronous
counterpartof the power updatealgorithmin (10) im-
mediatelyfollows from asynchronougonvergencethe-
orem[17, p. 431].

Theorem V.5. Let Xmax = Xmin for some > 0 and
X fx 2 RMX : Xmin Xil Xmax 8i; |g. The
asyntironouspower updatealgorithm

if i 2 U(k)

if i 2 MnU (k);

pi(n)
pi(n);
whee U(k) M denoteghe randomsubsetof mobiles

updatingtheir power levels at time k, corvemesto the
unique NE point of the power control game p

@ .
pi(n+ 1)= @

K <1 and <1+ 1+ min;

whee K is de nedin (11).

B. A Stodastic Update Sheme

In a real life implementationof the power control
schemegcommunicatiorconstraintsapproximationses-
timation and quantizationerrorsmay not be negligible,
and hencehave to be taken into accountin the corver
genceanalysis.Hence,a mobile doesnot have access

to the exact valuesof the systemparametersuchasits
own channelgain or the feedbackiermsprovided by the
BS. Theseuncertaintiescan be capturedby a stochastic
updatealgorithm,asintroducedbelow. For eachi 2 M,
let i(n) n 1;2;::: be a sequenceof independent
identically distributed (i.i.d.) random variablesde ned
on the commonsupportset[1 "; 1+ "], where0Q <
" < 1. We further assumethat the sequenced ig
are independentacrossi 2 M . Using theserandom
sequenceswe model the aggr@ate uncertaintyin the
term@; =@ of (10)dueto quantizationgstimationand
multiplicatively approximatiorerrors.Thus,the stochas-
tic counterpartof the synchronousupdatealgorithmis
given by

. - @i
pi(n+ 1) = pi(n) i i(n) @

which canalsobe describedn termsof receved power
levels at the basestationas

8i2M; (12)

xi(n+ 1) = x;(n)

i(n)@
' (13)

: Ti(x(n); i(n)) 8i2M:

We next follow stepssimilar to thosein the previous

subsectiorfor the corvergenceanalysis We have, for an
arbitraryx 2 X:

@i .
i—=— X

EGTi(x; i) xj)) E 1
P @i
j2M per 1] 6 i@—jl

where E (x) denotesthe expected(mean) value of x.
Assume (1+ ")K; < 1, whereKj, asde ned earlieg
provides an upperboundon @ j=@;. Then, from the
independenceof | and x; for all i, we obtain (by
droppingthe dependencen n):

EGTi(x; 1) x) (@ E ()KIE(jx;

Xi]

XiJ)

P
+E(i)Ki jgiE Xjl Xj| ;
where Ki0 is a lower boundon @ =@;, and K; is
an upper boundon @=@; for all j 6 i. Let us

rede ne the maximum norm as kxk = max; E(jXij).

Then, E (JTi(X; i)  X;)j) ikx x k 8i, where
i=1 E(i)K? (Mgt 1)Kj). Dening :=
max; i, we obtain

kT(x; ) xk kx  x k;
if (1+ ")K < 1, where = [1; 2;:::; m]- Now,

imposingthe condition < 1, it readily follows that for



arbitraryx 2 X and j(n) 2 [L "; 1+ "] 8i; n, we have
T'(x; ) ! x asn! 1,sincekT"(x; ) xKk
N"kx x k. We notethatthe conditionK 2> (Mg
1)K; 8i is equvalentto the one < 1. Hence,a
derivation similar to the one in the deterministiccase
yields a sufcient conditionfor < 1 to hold, namely
< 1P 1
2 4
where is de ned asbeforewith Xmax andxmin being
upperandlower boundson the randomvariablesx; for
all i.

We next show that the stochastiacupdatescheme(13)
converges almost surely (a.s.) [18] to the unique NE
solutionx , underthe given conditions,by an analysis
similarto theonein [5]. Fromthe Markov inequalityand
usingthe de nition of the maximumnorm, we obtain

E (jxi(n)j)

min

1 - - P
n=1 P(JX|(n)J > ) n=1
1P 1P kx (0)k
Tk TR T
where > 0 andkx(0)k are constantsPr(A) denotes
the probability of the event A, and the last inequality

follows from the contraction property of the normed

" kx (0)k

random sequence Hence, the increasing sequenceof
partial sums  N_, Pr(jxi(n)j > ) is boundedabore,

andcorvergesfor every > 0. Finally, from the Borel-
Cantellilemma[19], [20], it follows that

Pr(lim supf! :jxi(!)j> g) = 08i

where! is theprobabilisticvariable. Thus,the stochastic
updateschemd13) corvergesa.s.to theuniqueNE point
of the power control game underthe conditions < 1
and (1+ ")K < 1.

Theorem V.6. Let x;j(n) ( i(n)) be random (random
i.i.d.) sequencesor all i, wher ; is also independent
acrossi andhasthe supportset[1 ";1+"],0< " < 1.
Therandomvectorx takesvaluesin thesetX = fx 2

RMX X min Xil Xmax 8i; 1g. Furthermoe, let
> 0 bedenedas := Xmax=Xmin . The stodastic
power updatealgorithm
pn+D=p) (M si2M;
|

converges almost surely to the uniqgue NE point of the

power control game p , if
1p— 1 n
<§ mi”+21a”d a+")K <1

whee K is de nedin (11).

V1. SIMULATIONS

The power controlgamebasedon outageprobabilities
is simulatedin MATLAB for awirelessnetwork consist-
ing of 6 arbitrarily placedbasestationsand 20 mobiles.
The channelgain of the i!" mobile is determinedby
the Rayleighfast-fidingandlog-normalshadeving path
lossmodel,givenby g = (0:1=¢)%> Y 1 f;, whered;
denotesthe distanceto the BS, log(Y ) is a zero-mean
Gaussiarrandomvariablewith a standarddeviation of

= 0:1, andf; is arandomvariablewith Rayleighdis-
tribution, modelingthe fast-fiding channel We generate
the randomvariablef; at eachtime stepandyY every
20 time stepsaccordingto their respectie distributions.
Thedistancebasedossexponentis choseras2:5, which
corresponddo a low density urban ervironment[12].
Each mobile connectsto a single BS, which happens
to be in the closestgeographicallocation. Hence, the
cells in the network are irregularly shapedpolygons.
The system parametersare chosenas L 128 and

2= 018l

Locations of Base Stations and Mobiles
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Fig. 1. Locationsof basestationsand the pathsof mobiles.

The mobiles are initially distributed randomly over
the network, and their movementis modeled after a
two-dimensionalrandomwalk with a speedof 0:0001
units per update.In order to relate the values of the
simulation to real physical quantities,we assumean
updatefrequengy of 1kHz and geographicalunit size
of 100m. Thus, mobiles move with a speedof 10m=s
or 36km=h. We note, however, that theseare arbitrarily
x ed values, for illustration purposesonly. Figure 1
depictsthe locations of the BSs and the paths of all
mobiles.

The class of user pricing functions which satisfy
the earlier corvexity assumptionss fairly large. The



relationshipbetweenthe pricing function and the per
formanceof the systemat the NE point is in fact a
very complex one, andthereforethe questionof nding
the“optimum” pricing function, thoughinteresting,does
not seemto be within reach. Consequentlywe adopt
a speci c one without ary optimality consideration;
namelywe choosea quadraticfunction parametrizedy
v; for theit" userasa representatie pricing functionin
our numericalstudies Thus, the costfunction for the ™"
user(mobile) is

i)

wherepricing andutility parameterareu; = 10, v; = 1,
and ; = 10(10dB), which are chosento be the same
for all usersfor comparisorpurposes.

We rst simulatea discreteupdateschemewith “per-
fect” information where we ignore the communication
constraintsbetweenthe BS and the mobiles. In order
to estimatethe slow varying x; (= hjp;) value of the
i mobile, the BS implementsa maximum likelihood
estimator(MLE) using the last 20 independenidenti-
cally exponentially distributed samplesof the receved
power level [gi(l) pi;gi(z) i ...,gi(zo) pi]. Here, we con-
sider a sufciently high samplingfrequeng so that we
can assumep; to be constantwithin an intenal of 20
samples.A straightforvard derivation of this unbiased
MLE vyields

Ji(x) = %Vixiz ui log(Pri( i (x)

Y20

4 20 -

2

<

hipi gi(k) Pi
The outputof this estimatoris then Itered with asimple
in nite impulseresponsglIR) low pass lter (LPF) to
cancelout the effect of high frequeny estimationerrors
andotherdisturbanceskigure 2 depictsthe instantenous
and ltered estimationchannelgains from mobile 1 to
its BS. Thus, given the feedbackinformation from the
BS, the mobilesupdatetheir power levels accordingto

2 .
in+1) =p(nN)+ Uj—ss—
pi ) pi(n) 'hﬁpiz(n)
Ui P l . . . .
+hi|pi(n) j6i 1+ “hip(n) v ihipi(n);
hjp ()
(14)

where = 0:1 andn denoteshe time, and mobilei is
connectedo the | BS.

The power levels and SIR values of a randomly
selectedsubsetof mobilesfor the durationof the sim-
ulation are shovn in Figures3 and 4, respectiely. The

Instantenous and Filtered Channel Gains from Mobile 1 to BS
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—— Filtered Channel Gain
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Fig. 2. Instantenousnd ltered channelgain from mobile oneto its
respectie BS.
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Fig. 3. Power levels of selectedmobileswith respecto time.

averageSIR valuesin Figure4 areobtainedby usingthe
Itered channelgainsof mobilesinsteadof instantenous
ones.They areprovided in orderto visualizethe trends
in SIR values. The minimum and maximum receved
power levels of the mobiles at their respectie BSs
are Xmin 2:5 and xmax = 90. Hence, we obtain

= Xmax =Xmin = 36. Figure 5 depictsthe evolution
of the receved power levels of selectedmobiles at
their respectie BSs. While these parameterssatisfy
assumptionA2, they violate assumptiorA2' aswell as
conditionsof TheoremV.1. Sincethe derived analytical
conditionsin previous sectionswereonly sufcient, and
not necessaryit is not surprisingthat the power levels
still corvergeto theequilibriumpointswhich slowly shift
dueto the movementsof the mobiles.

In the next simulation,we changethe SIR threshold
value of mobilesto ; = 1000(30dB) andlet = 0:01



Averaged SIR Values of Selected Mobiles
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Fig. 4. SIR andaveragedSIR valuesof selectednobiles(in dB) with
respectto time.
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Fig. 5. The receved power levels of selectedmobiles at their
respectie BSs.

Furthermorewe have Xmin = 3 and xmax = 48, and
hence, 16. It is easyto seethat theseparameters
satisfy assumptionsA2 and A2', and the conditions
of TheoremV.1. The resultsin Figures6 and 7 show
convergenceas expected.However, we obsenre that the
convergence speedin this caseis slover due to the
smaller step size. We concludethat althoughthe suf-
cient conditionsderived analytically provide a guideline
for the corvermgenceof the algorithm, they are by no
meanmecessarandmaybetoo stringentin somecases.

We next considera more realistic information feed-
back schemewherewe take into accountthe distortion
in feedbackinformation due to quantizationand other
effects.Multiplying the parameter = 0:1 in the update
algorithm (14) with , which is a random variable
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Fig. 6. Power levels of selectednobileswith respectto time.
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Fig. 7. SIR andaveragedSIR valuesof selectednobiles(in dB) with
respectto time.

uniformly distributed on [0:7; 1:3], we rerun the previ-
ous simulationwith this imperfectfeedbackalgorithm.
Figures 8 and 9 depict respectiely the power levels
and SIR valuesof selectedmobiles.In accordancevith
TheoremsV.1 and V.6, the corvergencecharacteristics
of the systemare not signi cantly affected. We nally
studythe effect of the pricing parameter on the overall
performanceof the system.We calculatethe sum of
the utility valuesof staticarbitrarily locatedmobilesfor
u = 5. Figure 10 displaysthe sum of the utility values
of mobilesaveragedover the fastfading processat the
NE solution. After repeatingthis analysisseveral times
for various distributions of mobiles, we concludethat
thereis a comple and nonlinearrelationshipbetween
the NE point andthe pricing parametew, which canbe
interpretedasthe coston the batteryusageof the user
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Fig. 8. Pawer levels of selectedmobileswith respectto time under
imperfectfeedbackinformation.
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respectto time underimperfectfeedbackinformation.
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Fig. 10. Sumof the utility valuesof mobilesfor differentv values.

VII. CONCLUSIONS

In this paper we have considereda power control
game similar to the onein [6], with a utility function
de ned asthe logarithm of the probability that the SIR
level of themobileis greaterthana prede nedindividual
thresholdlevel. Hence,we have establisheda relation-
ship betweenthe preferencesf the mobilesand outage
probabilities. We have proven that the noncooperatie
power control game admitsa unigue Nash equilibrium
for uniformly strictly corvex pricing functionsandunder
sometechnicalassumption®n the SIR thresholdlevels.
Furthermorewe have establishedhe globalcorvergence
of continuous-timeaswell asdiscrete-timesynchronous
and asynchronousterative power updatealgorithmsto
the unigue NE of the game under some conditions.
Likewise, a stochasticversionof the discrete-timesyn-
chronousupdateschemewhich accountsfor the uncer
tainty dueto quantizatiorandestimationerrors,hasbeen
shawvn to corvergeto the uniqueNE point almostsurely
Finally, through extensve simulation studieswe have
demonstratedhe corvergenceand robustnesgroperties
of power updateschemesieveloped.

A possibleextensionof this study would involve the
simulation of asynchronousipdateschemesas well as
analysisand simulationof varioushandofs algorithms.
Another researchdirection would be the exploration of
the relationshipbetweerthe pricing functionandsystem
performance,and its investigation as an optimization
problem.
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