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Abstract— We present a game-theoretic tr eatment of
distrib uted power control in CDMA wir elesssystemsusing
outageprobabilities. We�rst prove that the noncooperative
power control game considered admits a unique Nash
equilibrium (NE) for uniformly strictly convex pricing
functions and under some technical assumptions on the
SIR thr eshold levels. We then analyze global convergence
of continuous-time as well as discrete-time synchronous
and asynchronous iterati ve power update algorithms to
the unique NE of the game. Furthermor e, we show that
a stochastic version of the discrete-time update scheme,
which models the uncertainty due to quantization and
estimation errors, converges almost surely to the unique
NE point. We �nally investigate and demonstrate the
convergence and robustness properties of these update
schemesthr ough simulation studies.

Index Terms – Power control, communication systems,
game theory, code division multiaccess,resource manage-
ment, stochasticsystems.

I . INTRODUCTION

The primary objective of uplink power control in
code division multiple access(CDMA) wireless net-
works is to achieve and maintain a satisfactory level
of service,which may be describedin termsof signal-
to-interferenceratio (SIR). Since in CDMA systems
signalsof otheruserscanbemodeledasinterferingnoise
signals,thereis a tradeoff betweenthe individual objec-
tives of mobilesand the overall systemperformance.If
mobileshavedifferentpreferencesfor thelevel of service
or varying SIR requirements,then the power control
problem can be posedas one of resourceallocation.
Furthermore,under a distributed power control regime
the mobiles cannothave detailed information on each
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other's preferencesand actionsdue to communication
constraintsinherent to the system.It is, hence,appro-
priate to addressCDMA uplink power control within a
noncooperative gametheoreticframework, whereNash
equilibrium (NE) provides a relevant solution concept.
Thepower controlgamecanalsobeextendedby making
use of pricing. A pricing schemenot only enhances
the overall systemperformanceby limiting the interfer-
ence[1], but alsoresultsin batteryenergy preservation.

Several studiesexist in the literature that use game
theoretic schemesto addressthe power control prob-
lem [1]–[6]. In [1] a framework for power control based
on noncooperative game theory and pricing has been
presented.This analysishasthenbeenextendedin a later
study[3] to multiple cells.The study[4] hasshown the
existenceof uniqueNE for acertaintypeof pricing func-
tion andunderbinary input Gaussianoutputandbinary
symmetricchannelassumptions.Another study [2] has
proposedlinear and exponentialutility functionsbased
on carrier (signal)-to interferenceratio, and hasshown
the existenceof a NE under someassumptionson the
utility functions.Alpcan et al. [5] hasstudieda power
control game with speci�c cost structure in a single
cell. This analysis has later been extended in [6] to
a more generalclassof cost functions and a multicell
framework. In both studies,existenceof a unique NE
hasbeenproven.

In wireless communication systems, mobiles fre-
quentlyupdatetheir power levelsdueto varyingchannel
conditionsin orderto maintaintheir SIR (service)level.
The power control game leads to distributed power
control algorithms as a mean to achieve this goal.
An important aspect of a distributed power control
schemeis the convergence properties of algorithms,
which plays a signi�cant role in performanceof the
system.The study [7] has presenteda standardpower
control algorithm, and has establishedits synchronous
and asynchronousconvergenceunder some conditions
on the interferencefunction. In [8], stochasticpower
controlschemeshavebeeninvestigated,andtheconverge
of stochasticalgorithmsin termsof mean-squarederror



has been proven. Another study [9] has shown the
convergenceof a coupledpower control schemebased
on minimum outageprobability andmultiuserdetection
by makinguseof standardinterferencefunctionsof [7].
In [5], two updatealgorithms,namely, parallel update
and random update have been shown to be globally
stableunderspeci�c conditions.Finally, in [6] theglobal
convergenceof the dynamicsof the power control game
to a supersetof Nash equilibria has been established
for any handoff schemesatisfyinga mild condition on
averagedwell time.

In this paper, we consider a power control game
similar to the one in [6], which incorporatesa pric-
ing mechanismlimiting the overall interferenceand
preservingbattery energy of mobiles. We capturethe
preferencesof mobilesusinga utility function,which is
de�ned asthe logarithmof theprobability that theframe
successrateof the datauseris greaterthana prede�ned
individual thresholdlevel. This utility function canalso
bedescribedin termsof frameoutageprobabilities[10].
Under the assumptionthat the fadingchannelgain (and
hencethe SIR) is static over a data frame, this frame
outageprobability can also be related to the standard
outageprobability notion used for voice communica-
tions [9], which is given by the probability that the SIR
falls below a predeterminedthreshold.The notion of an
outageprobability is useful for rapidly varying fading
channelswhere trying to maintain an SIR threshold
may becomeinfeasibleor can lead to power warfares.
Rapid tracking of the randomly varying channel can
also signi�cantly increasethe communicationoverhead
betweenthe basestationand the mobile transmitteras
well. Motivated by these issues,we consider a two-
time scalechannelgain model, consistingof a slowly
varyingcomponentwhich we assumeto beconstantover
the time scale(and henceknown) of the applicationof
our algorithm, and a fast fading componentwhich is
not known at the transmitteror receiver but we assume
that the statistics of this fast fading componentare
known (or can be accuratelyestimated.In this paper,
we assumethat this fast fading componentis Rayleigh
distributed.For detaileddiscussionson justi�cations for
using this model,see[9], [11]. In the context of sucha
generalizedfadingchannelmodel,we thereforeconsider
a noncooperative power control game which uses an
outageprobabilitybased(insteadof anSIR based)utility
function andalso incorporatesa pricing mechanism.

The noncooperative power control game thus ob-
tainedadmitsauniqueNashequilibriumunderuniformly
strictly convex pricing functions and some technical

assumptionson the SIR thresholdlevels. Furthermore,
we investigate global convergenceof continuous-time
as well as discrete-timesynchronousand asynchronous
iterative power update algorithms to the unique NE
of the game.A stochasticversion of the discrete-time
updatescheme,which models the uncertaintydue to
quantizationandestimationerrors,is shown to converge
to the NE almostsurely underspeci�c conditions.The
convergenceandrobustnesspropertiesof theseschemes
are demonstratedthrough simulation studies in MAT-
LAB.

The next section describesthe model adoptedand
the cost function. In sectionIII, we prove the existence
and uniquenessof the Nashequilibrium. We presentin
section IV systemdynamicsand stability analysisof
a continuous-timeupdatescheme.In section V, con-
vergencepropertiesof both deterministicandstochastic
discrete-timeupdate algorithms are investigated. Sec-
tion VI containsresultson simulationstudies.Thepaper
concludeswith a recapof the resultsandelucidationof
directionsfor future researchin sectionVII.

I I . THE MODEL

We consider a multicell CDMA wireless network
model similar to the ones describedin [3], [9]. The
systemconsistsof a set L := f 1; : : : ; �Lg of cells, with
the setof usersin cell l beingM l := f 1; : : : ; M l g; l 2
L , and the set of all usersis de�ned as M :=

S
l M l .

The numberof usersin eachcell is limited throughan
admissioncontrol scheme.We associatea single base
station (BS) with each cell in the system,and de�ne
hil f il pi as the instantaneousreceived power level from
user i at the l th BS. To simplify the analysis,we let a
mobile connectto one BS only at any given time. The
quantitieshil (0 < hil < 1) and f il (f il > 0) represent
theslow-varyingchannelgain (excludingany fading)and
fast time-scaleRayleighfading betweenthe i th mobile
and the l th BS, respectively [12]. We assumethat the
factors affecting hil do not changesigni�cantly over
the time scaleof this analysis,and the terms f il (static
over individual dataframesbut varying from oneframe
to another) are unit mean independentexponentially
distributedrandomvariables(Rayleighfading).

Let M l ;ef f denotethesetof usersin theneighborhood
of cell l who have a nonnegligible effect on eachother's
SIR levels throughin-cell and intra-cell interference.It
immediatelyfollows that M l � M l ;ef f � M . Without
loss of any generality, we de�ne the set M l ;ef f in this
paperas

M l ;ef f := M l [
�
[ k2 N eighbor(l )M k

�
;



where N eighbor(l ) is de�ned as the set of �rst-tier
neighborsof cell l . Furthermore,the contribution of
mobiles in other cells to the interferencelevel of cell
l is modeledas a �x ed backgroundnoise,of variance
� 2

l .
The i th mobile transmitswith a nonnegative uplink

power level of pi � pi;max , wherepi;max is an upper-
bound imposedby physical limitations of the mobile.
Thus,in accordancewith the interferencemodelconsid-
ered,the SIR obtainedby mobile i at the basestation l
is given by (staticover onedataframe)


 il :=
Lh il f il piP

j 2M l;ef f ; j 6= i hj l f j l pj + � 2
l

: (1)

Here, L := W=R > 1 is the spreadinggain of the
CDMA system,whereW is the chip rate and R is the
data rate of the user. The outageprobability of user
i , denotedOil , is de�ned as the proportion of time
that someSIR threshold, �
 il , is not met for suf�cient
receptionat the l th BS receiver [9]. By a carefulchoice
of �
 il , a quality of servicelevel can be establishedfor
eachuser(see[10] for detailson how a minimumframe
successrate can be converted to an appropriateSIR
thresholdfor a speci�c modulationandcodingscheme).
The outageprobability, Oil = Pr (
 i � �
 il ), of the i th

mobile at the l th BS is de�ned as

Oil = Pr
�

hil f il pi � �
 il

� X

j 2M l;ef f ; j 6= i

hj l f j l pj + � 2
l

��
;

(2)
wherePr (
 i � �
 il ) denotesthe probability of the event
correspondingto 
 i � �
 il .

For analysispurposes,themeanpower level of mobile
i received at the l th BS can be de�ned without any
loss of generality, as x il := hil pi , sincethe meanvalue
of the Rayleigh fading channel can be incorporated
into the value hil . Let the received power level vector
of cell l be x l := [(x j l )]; j 2 M l ;ef f . Then, the
systemwidevectorx := [x1; : : : ; x �L ] hasthe cardinality
M x :=

P
l2L M l ;ef f , where M l ;ef f is the numberof

elementsof the set M l ;ef f . In order to simplify the
notation, we will drop the index identifying the BS
(e.g. x i := x il ) in caseswhere it is obvious from the
context that mobile i is connectedto the l th BS. As a
further simpli�cation, we let the thresholdSIR for the
i th mobile be de�ned as �
 i := �
 il = �
 ik 8l; k 2 L . We
note that the outageprobability in (2) canbe expressed
in analytical form which we reproducehere without
derivation.Its derivationcanbefoundin [13], andin [11]
for a simpli�ed version of the expression.The outage

probability of the i th mobile connectedto the l th BS is
thusgiven by

Oil (x ; �
 i ) = 1 � exp
�

� � 2�
 i

x il

� Y

j 2M l;ef f ; j 6= i

1

1 +
�
 i x j l

x il

;

(3)
Henceforthwe drop the index “ l” from x il and Oil ,
and adopt the convention that j 6= i standsfor j 2
M l ;ef f ; j 6= i , where l is the BS to which mobile i
is connected.

The i th user's costfunctionis de�ned asthedifference
betweenthe utility function of the userand its pricing
function, J i = Pi � Ui , similar to the one in [5].
The utility function, Ui (Pr i (
 i � �
 i ), is a logarithmic
function of the probability that the SIR of the i th user
is larger thantheprede�nedthreshold,�
 i , andquanti�es
approximatelythe demandor willingnessto pay of the
userfor a certainlevel of service.Notice that,Pr i (
 i �
�
 i ) is equalto 1� Oi , whereOi is theoutageprobability
in (3). Hence,the utility function for user i is de�ned
by

Ui (x) := ui log(Pr i (
 i (x) � �
 i ) = ui log(1� Oi (x ; �
 i )) ;
(4)

whereui is a user-speci�c utility parameter.
The pricing function, Pi (pi ), on the other hand, is

imposedby the systemto limit the interferencecreated
by the mobile, andhenceto improve the systemperfor-
mance[3]. At the sametime, it can also be interpreted
as a cost on the batteryusageof the user. As a result,
the cost function of the i th userconnectedto a speci�c
BS is given by

J i (x) = Pi (x i ) � ui log(Pr i (
 i (x) � �
 i )) ; (5)

wherewe have usedx i , insteadof pi , as the argument
of Pi , by a possiblerede�nition of the latter.

I I I . EXISTENCE AND UNIQUENESS OF NASH

EQUILIBRIUM

It follows from (4) immediatelythat the utility func-
tion Ui (x) is continuouslydifferentiablein its arguments.
In orderto calculatethederivativesof theutility function
with respect to x, we �rst evaluate @Pr i (
 i (x) �
�
 i )=@x i using(2) and(3):

@Pr i (
 i (x) � �
 i )
@x i

= Pr i (
 i (x) � �
 i )

�

0

@� 2
l �
 i

x2
i

+
P

j 6= i
1

x i + x2
i

�
 i x j l

1

A :

(6)



Thus,the �rst andsecondorderderivativesof mobile i 's
utility function, Ui (x), with respectto x i aregiven by

@Ui (x)
@x i

=
ui � 2

l �
 i

x2
i

+
X

j 6= i

ui

x i + x2
i

�
 i x j l

> 0;

and

@2Ui (x)
@x2

i
=

� 2ui � 2
l �
 i

x3
i

� ui

X

j 6= i

1 + 2x i
�
 i x j l

�
x i + x2

i
�
 i x j l

� 2 < 0;

respectively. Furthermore,for j 6= i ,

@2Ui (x)
@x i @x j l

=
ui �
 i

(x i + �
 i x j l )2 > 0:

Let us de�ne xmin and xmax as lower and upper
boundson x il 8i; l , i.e. xmin < x il < xmax 8i; l . If
the meanreceived power level of a mobile at the BS
is less than xmin , then its effect is negligible and it is
modeledas part of the backgroundnoise. The upper-
bound xmax is further boundedabove by pmax with a
possibleequality in the caseof no channelattenuation.
We alsode�ne �
 min (umin ) and �
 max (umax ) in sucha
way that �
 min < �
 i < �
 max (umin < ui < umax ) 8i .
We now make the following three assumptionson the
price function Pi , for all mobiles i .

A1. The pricing function Pi (x i ) is twice continuously
differentiable,non-decreasinganduniformly strictly con-
vex in x i , i.e.

dPi (x i )=dxi � 0; d2Pi (x i )=dx2
i � v > 0; 8x i ;

for somev > 0.
A2. Given the setof parametersf M l ;ef f , �
 min , �
 max ,

xmin , xmax g, v in A1 above satis�es the following
inequality:

v(�
 min + 1)
x2

min

umax
+ (M l ;ef f � 1)�
 min

umin

umax

x3
min

x3
max

> 1

A3. The pricing function Pi andthe parameterof the
utility function arefurther picked in sucha way that the
i th user's cost function, J i , hasthe following properties
at x i = xmin (x i = xmax ) : @J i (x : x i = xmin )=@x i <
0 8x (@J i (x : x i = xmax )=@x i > 0 8x), respectively.

TheNashequilibrium(NE) in a cell is de�ned asa set
of power levels, p� (andcorrespondingsetof costsJ � ),
with the property that no user in the cell can bene�t
by modifying its power level while the other players
keeptheirs �x ed.Mathematicallyspeaking,x � is in NE
whenx �

i of any i th useris the solutionto the following

optimizationproblemgiventheequilibriumpower levels
of othermobiles(in the setM l ;ef f ), x �

� i :

min
xmin � x i � xmax

J i (x i ; x �
� i ): (7)

Note that given the channelgains, the NE point x � is
equivalent to p� .

Thanks to assumptionA1, the cost function J i is
strictly convex andbelongsto a fairly large subclassof
convex functions.Hence,thereexists a uniquesolution
to the i th user's minimizationproblem,which is that of
minimizationof J i , given thesystemparametersandthe
power levels of all other users.We will next make use
of the technicalassumptionA2 in the proof of existence
of a unique NE. Notice that, xmin is boundedbelow
by de�nition. Hence,A2 is easily satis�ed for a large
numberof usersM or highSIRthresholds�
 min evenif v
is small.AssumptionA3, on theotherhand,ensuresthat
any equilibrium solution is an inner one, i.e., boundary
solutions x �

i = xmin (x �
i = xmax ) 8i cannot be

equilibrium points.

Theorem III.1. Under A1-A3,the multicell powercon-
trol gamede�ned admitsa unique inner Nashequilib-
rium solution.

Proof. The proof of this theoremis similar to the ones
of Theorem3.1 in [14] and of TheoremII.1 in [6].
It is brie�y outlined here for completeness.Let X :=
f x 2 RM x : xmin � x il � xmax 8i; lg be a set of
feasiblereceived power levels at the basestationsunder
the interferencemodel considered.Clearly, X is closed
and bounded,and hence compact.Furthermore,it is
alsoconvex, andhasa nonemptyinterior. By a standard
theoremof game theory (Theorem4.4 p.176 in [15])
the power control gameadmitsa Nashequilibrium. In
addition,by A3 this solutionhasto be inner.

Let A i;j := @2 J i
@x i @x j l

and B i := @2 J i

@x2
i

, wheremobile i
is connectedto the BS l . De�ne M � M matrix G(x)
with diagonalentriesB i andnonzeroentriesA i;j , if j 2
M l ;ef f . It follows from A2thatB i > jA i;j j 8i; j . Hence,
thesymmetricmatrix G(x) + G(x)T is positive de�nite.
Then,usingan argumentsimilar to the onein the proof
of Theorem3.1 in [14] onecanshow that the inner NE
solutionis unique.Thus,thereexists a uniqueinner NE
in the multicell power control game.

IV. SYSTEM DYNAMICS AND STABILITY ANALYSIS

We considera dynamic model of the power control
game similar to the one of [6] where each mobile
usesa gradientalgorithm to solve its own optimization



problem(7). Accordingly, thepower updatealgorithmof
the i th mobile is:

_pi =
dpi

dt
= �

@J i

@pi
;

for all i 2 M . This can also be describedin termsof
the received power level, x i , at the l th BS:

_x i = h2
i

�
@Ui (x)

@x i
�

dPi (x i )
dxi

�
:= � i (x); 8i: (8)

By taking the secondderivative of x i with respectto
time, we obtain

•x i = h2
i

�
� ai �

d2Pi (x i )
dx2

i

�
_x i + h2

i

X

j 6= i

bi;j _x j l := _� i (x);

(9)
whereai andbi;j arede�ned as

ai := �
@2Ui (x)

@x2
i

= ui
2� 2

l + �
 i

x3
i

+ ui

X

j 6= i

1 +
2x i

�
 i x j l
�

x i +
x2

i

�
 i x j l

� 2 ;

and

bi;j :=
@2Ui (x)
@x i @x j l

= ui
�
 i

(x i + �
 i x j l )2 :

Notice that both ai andbi;j arepositive.
We establish the stability of the power update

scheme(8) undersomesuf�cient conditions.The setof
feasiblereceivedpower levels is invariantby assumption
A3, which immediatelyfollows from a boundaryanaly-
sis. Whenx i = xmin for somei 2 M , we have _x i > 0
under A3. Hence, the systemtrajectory moves toward
inside of X . Likewise, in the caseof x i = xmax for
somei 2 M , _x i < 0, andhence,the trajectoryremains
insidethe setX . Let us introducea candidateLyapunov
function V : RM x ! R as

V(x) :=
X

i 2M

1
h2

i
� 2

i (x) ;

which is in fact restrictedto the domain X . Note that
becauseof the uniquenessof the NE, x � , � i (x) = 0 8i
if and only if x = x � . Hence,V is positive for all x
except for x = x � .

Taking the derivative of V with respectto t on the
trajectoriesgeneratedby (8), we obtain

_V(x) �
X

i 2M

� (2v + 2ai )� 2
i +

X

i 2M

max
j

bi;j

X

j 6= i

2j� i � j j:

It follows from a simplealgebraicmanipulationthat
X

i 2M

max
j

bi;j

X

j 6= i

2j� i � j j � 2(M ef f � 1) max
i;j

bi;j

X

i 2M

� 2
i ;

whereM ef f := maxl M l ;ef f .
Using this to bound _V further yields

_V(x) � (� (2v+min
i

2ai )+2( M ef f � 1) max
i;j

bi;j )
X

i 2M

� 2
i :

Next, we modify assumptionA2 as follows:
A2

0
. Assumethat the following inequalityholds:

v(�
 min + 1) x2
min

umax
+ (M l ;ef f � 1)�
 min

umin

umax

x3
min

x3
max

> M ef f � 1 8l :

RemarkIV.1. A2
0

holds when �
 min and/orv are suf�-
ciently large.

UnderA2
0
, we have _V(x) < 0, uniformly in the x i 's

on the trajectoryof (8). Thus,V is indeeda Lyapunov
function, and it readily follows that � i (x(t)) = _x i (t) !
0; 8 i . This in turn implies that x i (t)'s converge to the
unique Nash equilibrium. Hence,the unique NE point
(TheoremIII.1) is globally asymptoticallystableon the
invariantsetX with respectto theupdatescheme(8) un-
der theassumptionsA1, A2

0
, A3 by Lyapunov's stability

theorem(seeTheorem3.1 in [16]).

V. ITERATIVE POWER CONTROL ALGORITHMS

We investigate in this sectionstability propertiesof
synchronousand asynchronousiterative power control
schemesasthey areof practicalimportance.We �rst an-
alyzegradientbasedsynchronousandasynchronousup-
datealgorithmsof thepower controlgamein SectionIII.
Consequently, we studyconvergenceof stochasticitera-
tionsto theuniqueNE solutionby takingcommunication
constraintsandestimationerrorsinto account.

A. Synchronousand AsynchronousUpdateSchemes

Consider a discrete-timecounterpartof the update
schemein (8) in a systemwith M mobileswhereeach
mobileusesagradientalgorithmto solve its optimization
problem(7):

pi (n + 1) = pi (n) � � i
@J i

@pi
8i 2 M ;

where n = 1; 2; : : :, denotesthe updateinstancesand
� i is the user-speci�c stepsize de�ned by � i := �=h i .
Here, � denotesthe systemwide stepsizeconstant.For
notational conveniencethis can also be de�ned as a
mapping from the received power levels at the BS to
the updatedpower levels, x(n + 1) = T(x(n)) , i.e.

x i (n + 1) = Ti (x(n)) := x i (n) � �
@J i

@x i
8i 2 M : (10)



In the caseof synchronousupdatealgorithm, each
mobileupdatesits power level at thesametime instance.
We study heresuf�cient conditionsfor convergenceof
thesystemto theuniqueNE, x � , underthesynchronous
update.This analysisfollows linessimilar to thosein the
proof of Proposition1.10 of [17, p. 193]. Let x 2 X =
f x 2 RM x : xmin � x il � xmax 8i; lg and de�ne a
function gi (� ) : [0; 1] ! R for the i th mobile by

gi (� ) = � x i + (1 � � )x �
i + �� i (� x + (1 � � )x � );

where� i is de�ned in (8). We thenhave

jTi (x) � Ti (x � )j = jgi (1) � gi (0)j =

�
�
�
�
R1

0
dgi (� )

d�
d�

�
�
�
�

�
R1

0

�
�
�
�
dgi (� )

d�

�
�
�
� d� � max� 2 [0;1]

�
�
�
�
dgi (� )

d�

�
�
�
� ;

wherex � , the NE, is the �x ed point of the mappingT .

We bound
�
�
�
�
dgi (� )

d�

�
�
�
� above by

�
�
�
�
dgi (� )

d�

�
�
�
� �

�
�
�
�x i � x �

i � �
P

j 2M l;ef f

@� i

@x j
� (x j � x �

j )

�
�
�
�

�

�
�
�
�1 � �

@� i

@x i

�
�
�
� jx i � x �

i j +
P

j 6= i �
@� i

@x j l

�
�
�x j l � x �

j l

�
�
� :

Imposingthe condition �@� i =@x i < 1, we have

�
�
�
�
dgi (� )

d�

�
�
�
� �

0

@1 � �

2

4 @� i

@x i
�

X

j 6= i

@� i

@x j l

3

5

1

A kx � x � k ;

wherekxk := maxi jx i j is the maximumnorm. De�ne

K i := max
x 2 X

@� i (x)
@x i

and � i := 1� �

0

@@� i

@x i
�

X

j 6= i

@� i

@x j l

1

A ;

which leadsto jTi (x) � x �
i j � � i kx � x � k for each i .

Let � := maxi � i and K := maxi K i . We obtain then
kT(x) � x � k � � kx � x � k, if �K < 1. An upperbound
on K in termsof systemandcostparametersis

�K := maxi
d2Pi (xmax )

dx2
i

+
2(M ef f � 1)�
 max xmax

( �
 min + 1)x3
min

+
2� 2�
 max

x3
min

:

(11)
Imposing the condition � < 1, it readily follows that
for arbitrary x 2 X , Tn (x) ! x � as n ! 1 ,

since kTn (x) � x � k � � n kx � x � k. Furthermore,the
condition � < 1 is satis�ed if

X

j 6= i

�
 2
i x2

j l + 2�
 i x i x j l

x2
i (x i + �
 i x j l )2 �

�
 i

(x i + �
 i x j l )2 > 0 8i:

Let xmax = � xmin for some� > 0. Then,a suf�cient
condition for � < 1 is

� < 1 +
p

1 + �
 min ;

which follows from a straightforward algebraicderiva-
tion. Thus,under� �K < 1 and � < 1 +

p
1 + �
 min , the

synchronouspower updateschemegiven in (10) con-
vergesto theNE solution,x � . This resultis summarized
in the following theorem:

Theorem V.1. Let xmax = � xmin for some� > 0 and
X := f x 2 RM x : xmin � x il � xmax 8i; lg. The
synchronouspowerupdatealgorithm

pi (n + 1) = pi (n) � � i
@J i

@pi
8i 2 M

converges to the uniqueNE point of the power control
game, p� := [x �

1=h1; : : : ; x �
M =hM ], on the setX if

�
�

maxi
d2Pi (xmax )

dx2
i

+
2(M ef f � 1)�
 max xmax

( �
 min + 1)x3
min

+
2� 2�
 max

x3
min

�
< 1;

and
� < 1 +

p
1 + �
 min :

RemarkV.2. Given xmin , xmax , � , and systemparam-
etersM ef f and � 2, the conditionsof TheoremV.1 can
be satis�ed by choosing � and maxi d2Pi (xmax )=dx2

i
suf�ciently small while keeping�
 min suf�ciently large.
We refer to SectionVI for speci�c numericalexamples
that illustrate this.

A naturalgeneralizationof the synchronousupdateis
the asynchronousupdateschemewhereonly a random
subsetof mobiles updatetheir power levels at a given
time instance.This is in fact more realistic since it
is dif�cult for the mobiles to synchronizetheir exact
power updateinstancesin a practical implementation.
In this particularcase,however, theconvergenceanalysis
above alsoappliesto theasynchronousupdatealgorithm.
De�ne a sequenceof nonempty, convex, and compact
sets

X (k) := [x �
1 � � (k); x �

1 � � (k)] � [x �
2 � � (k); x �

2 � � (k)]

: : : � [x �
M � � (k); x �

M � � (k)];



where � (k) := kx(k) � x � k. Since by TheoremV.1,
� (k + 1) < � (k), we have

: : : � X (k + 1) � X (k) � : : : X :

We next give the de�nitions of two well known con-
ditions which togetherare suf�cient for asynchronous
convergenceof a nonlineariterative mappingx(n+ 1) =
T(x) [17, p. 431].

De�nition V.3 (SynchronousConvergenceCondition).
For a sequenceof nonemptysets f X (k)g with : : : �
X (k + 1) � X (k) � : : : X ; we have T(x) 2 X (k +
1); 8k; andx 2 X (k). Furthermore,if f ykg is a
sequencesuch that yk 2 X (k) for every k, then every
limit point of f ykg is a �x ed point of T .

De�nition V.4 (Box Condition). Given a closed and
boundedsetY in R, for every k, thereexist setsX i (k) �
Y suchthat

X (k) := X 1(k) � X 2(k) � � � � � X M (k):

In our caseY is de�ned as the interval [xmin ; xmax ],
and X i := [x �

i � � (k); x �
i + � (k)]. Hence,the box con-

dition is satis�ed by the de�nition of X (k). Since � (k)
is monotonicallydecreasingin k by TheoremV.1 the
synchronousconvergencecondition also holds. There-
fore, the next convergenceresult for the asynchronous
counterpartof the power updatealgorithm in (10) im-
mediatelyfollows from asynchronousconvergencethe-
orem[17, p. 431].

Theorem V.5. Let xmax = � xmin for some� > 0 and
X := f x 2 RM x : xmin � x il � xmax 8i; lg. The
asynchronouspowerupdatealgorithm

pi (n + 1) =

(
pi (n) � � i

@J i
@pi

; if i 2 U(k)

pi (n); if i 2 MnU (k);

where U(k) � M denotesthe randomsubsetof mobiles
updatingtheir power levels at time k, converges to the
unique NE point of the power control game, p� :=
[x �

1=h1; : : : ; x �
M =hM ], on the setX if

� �K < 1 and � < 1 +
p

1 + �
 min ;

where �K is de�ned in (11).

B. A StochasticUpdateScheme

In a real life implementationof the power control
scheme,communicationconstraints,approximations,es-
timation and quantizationerrorsmay not be negligible,
and hencehave to be taken into accountin the conver-
genceanalysis.Hence,a mobile doesnot have access

to the exact valuesof the systemparameterssuchas its
own channelgain or the feedbacktermsprovidedby the
BS. Theseuncertaintiescanbe capturedby a stochastic
updatealgorithm,asintroducedbelow. For eachi 2 M ,
let � i (n) n = 1; 2; : : : be a sequenceof independent
identically distributed (i.i.d.) randomvariablesde�ned
on the commonsupportset [1 � "; 1 + " ], where 0 <
" < 1. We further assumethat the sequencesf � i g
are independentacross i 2 M . Using these random
sequences,we model the aggregate uncertaintyin the
term@J i =@pi of (10)dueto quantization,estimation,and
multiplicatively approximationerrors.Thus,thestochas-
tic counterpartof the synchronousupdatealgorithm is
given by

pi (n + 1) = pi (n) � � i � i (n)
@J i

@pi
8i 2 M ; (12)

which canalsobe describedin termsof received power
levels at the basestationas

x i (n + 1) = x i (n) � �� i (n)
@J i

@x i

=: Ti (x(n); � i (n)) 8i 2 M :

(13)

We next follow stepssimilar to thosein the previous
subsectionfor theconvergenceanalysis.We have, for an
arbitraryx 2 X :

E (jTi (x ; � i ) � x �
i j) � E

� �
�
�
�1 � �� i

@� i

@x i

�
�
�
� jx i � x �

i j

+
P

j 2M l;ef f ; j 6= i �� i
@� i

@x j l

�
�
�x j l � x �

j l

�
�
�

�
;

where E(x) denotesthe expected(mean) value of x.
Assume� (1 + ")K i < 1, whereK i , as de�ned earlier,
provides an upper bound on @� i =@x i . Then, from the
independenceof � i and x i for all i , we obtain (by
droppingthe dependenceon n):

E (jTi (x ; � i ) � x �
i j) � (1 � �E (� i )K 0

i )E (jx i � x �
i j)

+ �E (� i ) �K i
P

j 6= i E
� �

�
�x j l � x �

j l

�
�
�
�

;

where K 0
i is a lower bound on @� i =@x i , and �K i is

an upper bound on @� i =@x j for all j 6= i . Let us
rede�ne the maximum norm as kxk = maxi E(jx i j).
Then, E (jTi (x ; � i ) � x �

i )j) � �� i kx � x � k 8i , where
�� i := 1 � �E (� i )(K 0

i � (M ef f � 1) �K i ). De�ning �� :=
maxi � i , we obtain

kT(x; � ) � x � k � �� kx � x � k ;

if � (1 + ") �K < 1, where � := [� 1; � 2; : : : ; � M ]. Now,
imposingthe condition �� < 1, it readily follows that for



arbitraryx 2 X and� i (n) 2 [1� "; 1+ " ] 8i; n, we have
Tn (x ; � ) ! x � as n ! 1 , since kTn (x ; � ) � x � k �
�� n kx � x � k. We notethat the conditionK 0

i > (M ef f �
1) �K i 8i is equivalent to the one �� < 1. Hence, a
derivation similar to the one in the deterministiccase
yields a suf�cient condition for �� < 1 to hold, namely

� <
1
2

p
�
 min +

1
4

;

where� is de�ned asbeforewith xmax andxmin being
upperand lower boundson the randomvariablesx i for
all i .

We next show that the stochasticupdatescheme(13)
converges almost surely (a.s.) [18] to the unique NE
solution x � , under the given conditions,by an analysis
similar to theonein [5]. FromtheMarkov inequalityand
using the de�nition of the maximumnorm, we obtain

P 1
n=1 P(jx i (n)j > � ) �

P 1
n=1

E(jx i (n)j)
�

�
1
�

P 1
n=1 kx(n)k �

1
�

P 1
n=1 �� n kx(0)k �

kx(0)k
� (1 � �� )

;

where � > 0 and kx(0)k are constants,Pr (A) denotes
the probability of the event A, and the last inequality
follows from the contraction property of the normed
random sequence.Hence, the increasingsequenceof
partial sums

P N
n=1 Pr (jx i (n)j > � ) is boundedabove,

andconvergesfor every � > 0. Finally, from the Borel-
Cantelli lemma[19], [20], it follows that

Pr (lim supf ! : jx i (! )j > � g) = 0 8i;

where! is theprobabilisticvariable.Thus,thestochastic
updatescheme(13)convergesa.s.to theuniqueNE point
of the power control gameunder the conditions �� < 1
and � (1 + ")K < 1.

Theorem V.6. Let x i (n) (� i (n)) be random (random
i.i.d.) sequencesfor all i , where � i is also independent
acrossi andhasthesupportset[1� "; 1+ " ], 0 < " < 1.
Therandomvectorx takesvaluesin the setX := f x 2
RM x : xmin � x il � xmax 8i; lg. Furthermore, let
� > 0 be de�ned as � := xmax =xmin . The stochastic
powerupdatealgorithm

pi (n + 1) = pi (n) � �� i (n)
@J i

@pi
8i 2 M ;

converges almost surely to the unique NE point of the
powercontrol game, p� , if

� <
1
2

p
�
 min +

1
4

and � (1 + ") �K < 1

where �K is de�ned in (11).

VI . SIMULATIONS

Thepower controlgamebasedon outageprobabilities
is simulatedin MATLAB for a wirelessnetwork consist-
ing of 6 arbitrarily placedbasestationsand20 mobiles.
The channelgain of the i th mobile is determinedby
theRayleighfast-fadingandlog-normalshadowing path
lossmodel,givenby gi = (0:1=di )2:5 � Y � 1

� � f i , wheredi

denotesthe distanceto the BS, log(Y� ) is a zero-mean
Gaussianrandomvariablewith a standarddeviation of
� = 0:1, and f i is a randomvariablewith Rayleighdis-
tribution, modelingthe fast-fadingchannel.We generate
the randomvariable f i at eachtime stepand Y� every
20 time stepsaccordingto their respective distributions.
Thedistancebasedlossexponentis chosenas2:5, which
correspondsto a low density urban environment [12].
Each mobile connectsto a single BS, which happens
to be in the closestgeographicallocation. Hence, the
cells in the network are irregularly shapedpolygons.
The system parametersare chosenas L = 128 and
� 2

l = 0:1 8l .

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

X Coordinate

Y
 C

oo
rd

in
at

e
Locations of Base Stations and Mobiles

Base Station
Mobile

Fig. 1. Locationsof basestationsandthe pathsof mobiles.

The mobiles are initially distributed randomly over
the network, and their movement is modeled after a
two-dimensionalrandomwalk with a speedof 0:0001
units per update.In order to relate the values of the
simulation to real physical quantities,we assumean
updatefrequency of 1kH z and geographicalunit size
of 100m. Thus, mobilesmove with a speedof 10m=s
or 36km=h. We note,however, that thesearearbitrarily
�x ed values, for illustration purposesonly. Figure 1
depicts the locations of the BSs and the paths of all
mobiles.

The class of user pricing functions which satisfy
the earlier convexity assumptionsis fairly large. The



relationshipbetweenthe pricing function and the per-
formanceof the systemat the NE point is in fact a
very complex one,andthereforethe questionof �nding
the“optimum” pricing function,thoughinteresting,does
not seemto be within reach.Consequently, we adopt
a speci�c one without any optimality consideration;
namelywe choosea quadraticfunction parametrizedby
vi for the i th userasa representative pricing function in
our numericalstudies.Thus,thecostfunction for the i th

user(mobile) is

J i (x) =
1
2

vi x2
i � ui log(Pr i (
 i (x) � �
 i )) ;

wherepricing andutility parametersareui = 10, vi = 1,
and �
 i = 10(10dB), which are chosento be the same
for all usersfor comparisonpurposes.

We �rst simulatea discreteupdateschemewith “per-
fect” information where we ignore the communication
constraintsbetweenthe BS and the mobiles. In order
to estimatethe slow varying x i (= hi pi ) value of the
i th mobile, the BS implementsa maximum likelihood
estimator(MLE) using the last 20 independentidenti-
cally exponentially distributed samplesof the received
power level [g(1)

i pi ; g(2)
i pi ; : : : ; g(20)

i pi ]. Here, we con-
sider a suf�ciently high samplingfrequency so that we
can assumepi to be constantwithin an interval of 20
samples.A straightforward derivation of this unbiased
MLE yields

hi pi =

vu
u
t �

4 � 20

20X

k=1

�
g(k)

i pi

� 2
:

Theoutputof this estimatoris then�ltered with a simple
in�nite impulseresponse(IIR) low pass�lter (LPF) to
cancelout the effect of high frequency estimationerrors
andotherdisturbances.Figure2 depictsthe instantenous
and �ltered estimationchannelgains from mobile 1 to
its BS. Thus, given the feedbackinformation from the
BS, the mobilesupdatetheir power levels accordingto

pi (n + 1) = pi (n) + �u i
� 2

l �
 i

h2
il p

2
i (n)

+
�u i

hil pi (n)
P

j 6= i
1

1 + h il pi (n)
h j l pj (n) �
 i

� �v i hi pi (n);

(14)
where � = 0:1 and n denotesthe time, and mobile i is
connectedto the l th BS.

The power levels and SIR values of a randomly
selectedsubsetof mobiles for the durationof the sim-
ulation are shown in Figures3 and 4, respectively. The
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Fig. 3. Power levels of selectedmobileswith respectto time.

averageSIR valuesin Figure4 areobtainedby usingthe
�ltered channelgainsof mobilesinsteadof instantenous
ones.They areprovided in order to visualizethe trends
in SIR values.The minimum and maximum received
power levels of the mobiles at their respective BSs
are xmin = 2:5 and xmax = 90. Hence, we obtain
� = xmax =xmin = 36. Figure 5 depictsthe evolution
of the received power levels of selectedmobiles at
their respective BSs. While these parameterssatisfy
assumptionA2, they violate assumptionA2' as well as
conditionsof TheoremV.1. Sincethe derived analytical
conditionsin previous sectionswereonly suf�cient, and
not necessary, it is not surprisingthat the power levels
still convergeto theequilibriumpointswhichslowly shift
due to the movementsof the mobiles.

In the next simulation,we changethe SIR threshold
valueof mobilesto �
 i = 1000(30dB) andlet � = 0:01.
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Fig. 4. SIR andaveragedSIR valuesof selectedmobiles(in dB) with
respectto time.
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Fig. 5. The received power levels of selectedmobiles at their
respective BSs.

Furthermore,we have xmin = 3 and xmax = 48, and
hence,� = 16. It is easyto seethat theseparameters
satisfy assumptionsA2 and A2' , and the conditions
of TheoremV.1. The results in Figures6 and 7 show
convergenceasexpected.However, we observe that the
convergence speedin this case is slower due to the
smaller stepsize. We concludethat althoughthe suf�-
cient conditionsderived analyticallyprovide a guideline
for the convergenceof the algorithm, they are by no
meansnecessaryandmaybetoo stringentin somecases.

We next considera more realistic information feed-
backscheme,wherewe take into accountthe distortion
in feedbackinformation due to quantizationand other
effects.Multiplying the parameter� = 0:1 in the update
algorithm (14) with � , which is a random variable
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Fig. 6. Power levels of selectedmobileswith respectto time.
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Fig. 7. SIR andaveragedSIR valuesof selectedmobiles(in dB) with
respectto time.

uniformly distributed on [0:7; 1:3], we rerun the previ-
ous simulationwith this imperfect feedbackalgorithm.
Figures 8 and 9 depict respectively the power levels
andSIR valuesof selectedmobiles.In accordancewith
TheoremsV.1 and V.6, the convergencecharacteristics
of the systemare not signi�cantly affected. We �nally
studytheeffect of thepricing parameterv on theoverall
performanceof the system.We calculate the sum of
the utility valuesof staticarbitrarily locatedmobilesfor
u = 5. Figure 10 displaysthe sum of the utility values
of mobilesaveragedover the fast fading processat the
NE solution.After repeatingthis analysisseveral times
for various distributions of mobiles, we concludethat
there is a complex and nonlinearrelationshipbetween
the NE point andthe pricing parameterv, which canbe
interpretedasthe coston the batteryusageof the user.
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Fig. 8. Power levels of selectedmobileswith respectto time under
imperfectfeedbackinformation.
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Fig. 9. SIR andaveragedSIR valuesof selectedmobiles(in dB) with
respectto time underimperfectfeedbackinformation.
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VII . CONCLUSIONS

In this paper, we have considereda power control
game similar to the one in [6], with a utility function
de�ned as the logarithm of the probability that the SIR
level of themobileis greaterthana prede�nedindividual
thresholdlevel. Hence,we have establisheda relation-
ship betweenthe preferencesof the mobilesandoutage
probabilities.We have proven that the noncooperative
power control gameadmitsa uniqueNashequilibrium
for uniformly strictly convex pricing functionsandunder
sometechnicalassumptionson the SIR thresholdlevels.
Furthermore,wehaveestablishedtheglobalconvergence
of continuous-timeaswell asdiscrete-timesynchronous
and asynchronousiterative power updatealgorithmsto
the unique NE of the game under some conditions.
Likewise, a stochasticversionof the discrete-timesyn-
chronousupdatescheme,which accountsfor the uncer-
tainty dueto quantizationandestimationerrors,hasbeen
shown to convergeto theuniqueNE point almostsurely.
Finally, through extensive simulation studieswe have
demonstratedthe convergenceandrobustnessproperties
of power updateschemesdeveloped.

A possibleextensionof this study would involve the
simulationof asynchronousupdateschemesas well as
analysisand simulationof varioushandoffs algorithms.
Another researchdirection would be the exploration of
therelationshipbetweenthepricing functionandsystem
performance,and its investigation as an optimization
problem.
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