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Abstract

W e presen t a game-theoretic treatmen t of distributed

p o w er con trol in CDMA wireless systems. W e mak e use

of the conceptual framew ork of nonco op erativ e game

theory to obtain a distributed and mark et-based con-

trol mec hanism. W e address not only the p o w er con-

trol problem, but also pricing and allo cation of a single

resource among sev eral users. A cost function is in-

tro duced as the di�erence b et w een pricing and utilit y

functions, and the existence of a unique Nash equi-

librium is established. F urthermore, t w o up date algo-

rithms, namely parallel up date and random up date, are

sho wn to b e globally stable under sp eci�c conditions.

Con v ergence prop erties and robustness of eac h algo-

rithm are also studied through extensiv e sim ulations.

1 In tro duction

In wireless comm unication systems, mobile users re-

sp ond to the time-v arying nature of the c hannel, de-

scrib ed using short-term and long-term fading phenom-

ena [1 ], b y regulating their transmitter p o w ers. Sp ecif-

ically , in a co de division m ultiple access (CDMA) sys-

tem, where signals of other users can b e mo deled as

in terfering noise signals, the ma jor goal of this regula-

tion is to ac hiev e a certain signal to in terference (SIR)

ratio. Hence, there are t w o ma jor reasons for a user to

exercise p o w er con trol: the �rst is to conserv e battery

energy at the mobile, and the second is to minimize the

e�ect of in terference.

A sp eci�c sc heme for distributed p o w er con trol in tro-

duced in [2 ] relies on eac h user up dating its p o w er based

on the total receiv ed p o w er at the base station. It has

b een sho wn in [2] that the resulting distributed p o w er

con trol algorithm con v erges under a wide v ariet y of in-

terference mo dels. Another distributed p o w er con trol

sc heme has b een in tro duced in [3 ], whic h is adaptiv e

and uses lo cal measuremen ts of the mean and the v ari-

ance of the in terference. The authors ha v e sho wn that

this algorithm is con v ergen t under a certain condition.
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Game theory pro vides a natural framew ork for dev el-

oping pricing mec hanisms of direct relev ance to the

p o w er con trol problem in wireless net w orks. In suc h

net w orks, the users b eha v e nonco op erativ ely , i.e., eac h

user attempts to minimize its o wn cost function (or

maximize its utilit y function) in resp onse to the ac-

tions of the other users. This mak es the use of non-

co op erativ e game theory [4 ] for uplink p o w er con trol

most appropriate, with the relev an t solution concept

b eing the nonco op erativ e Nash equilibrium (NE). In

this approac h, a nonco op erativ e net w ork game is de-

�ned where eac h user attempts to minimize a sp eci�c

cost function b y adjusting his transmission p o w er, with

the remaining users' p o w er lev els �xed. The main ad-

v an tage of this approac h is that it not only leads to

distributed con trol as in [2], but also naturally leads to

pricing sc hemes, as w e will see in this pap er.

P ossible utilit y functions in a game theoretical frame-

w ork, and their prop erties for b oth v oice and data

sources ha v e b een in v estigated in [5 ], whic h form ulates

a class of utilit y functions that also accoun t for error

correction, and sho ws the existence of a unique NE.

One in teresting feature of this framew ork is that it

pro vides utilit y functions for wireless data transmis-

sion, where p o w er con trol directly a�ects the capacit y

of mobiles' data transmission rates. Reference [5 ] also

prop oses a linear pricing sc heme in order to ac hiev e

a P areto impro v emen t in the utilities of mobiles. In

an earlier study [6 ], Nash equilibria ac hiev ed under a

pricing sc heme ha v e b een c haracterized b y using sup er-

mo dularit y . It has b een sho wn that a nonco op erativ e

p o w er con trol game with a pricing sc heme is sup erior to

one without pricing. One de�ciency of this game setup,

ho w ev er, is that it do es not guaran tee so cial optimalit y

for the equilibrium p oin ts.

In the mo del w e adopt in this pap er, w e use a cost func-

tion de�ned as the di�erence b et w een a linear pricing

sc heme prop ortional to transmitted p o w er, and a loga-

rithmic, strictly conca v e utilit y function based on SIR

of the mobile. W e then pro v e the existence and unique-

ness of a NE. As in [2 ], one w a y of extending the mo del

is to include certain SIR constrain ts. As an alterna-

tiv e, w e suggest a pricing strategy to meet the giv en

constrain ts, and analyze the relation b et w een price and

SIR. W e study di�eren t pricing strategies, and obtain a

su�cien t condition for con v ergence of t w o algorithms,

parallel up date (PUA) and random up date (R UA), to



the unique NE.

The next section describ es the mo del and the cost func-

tion. In Section 3, w e pro v e the existence and unique-

ness of NE. W e presen t up date algorithms for mobiles

in Section 4, whereas Section 5 in tro duces di�eren t

pricing strategies at the base station. Sim ulation re-

sults are giv en in Section 6, whic h is follo w ed b y the

concluding remarks of Section 7.

2 The Mo del and Cost F unction

W e describ e here the mo del adopted in this pap er for

a single cell CDMA system with up to M users. F or

the i

th

user, w e de�ne the cost function J

i

as the dif-

ference b et w een the utilit y function of the user and

its pricing function, J

i

= P

i

� U

i

. The utilit y func-

tion, U

i

, is c hosen as a logarithmic function of the i

th

user's SIR, whic h w e denote b y 


i

. This utilit y function

can b e in terpreted as b eing prop ortional to the Shan-

non capacit y [1 ] for user i , if w e mak e the simplifying

assumption that the noise plus the in terference of all

other users constitute an indep enden t Gaussian noise.

This means that this part of the utilit y is simply linear

in the throughput that can b e ac hiev ed (or approac hed)

b y user i using an appropriate co ding, as a function of

its transmission p o w er. This logarithmic function is

further w eigh ted b y a user-sp eci�c utilit y parameter,

u

i

> 0, to capture the user's lev el of \desire" for SIR.

The pricing function de�nes the instan taneous \price"

a user pa ys for using a sp eci�c amoun t of p o w er that

causes in terference in the system. It is a linear function

of p

i

, the p o w er lev el of the user. Accordingly , the cost

function of the i

th

user is de�ned as

J

i

( p

i

; p

� i

) = �

i

p

i

� u

i

ln(1 + 


i

) ; p

i

> 0 8 i; (2.1)

where p

� i

is the v ector of p o w er lev els of all users ex-

cept the i

th

, and 


i

is giv en b y




i

= L

h

i

p

i

P

j 6= i

h

j

p

j

+ �

2

: (2.2)

Here, L = W =R is the spreading gain of the CDMA

system, where W is the c hip rate and R is the total

rate; w e assume throughout that L > 1. The param-

eter h

j

, 0 < h

j

< 1, is the c hannel gain from user j

to the base station in the cell, and �

2

> 0 is the in ter-

ference. F or notational con v enience, let us denote the

i

th

user's p o w er lev el receiv ed at the base station as

y

i

:= h

i

p

i

, in tro duce the quan tit y �y

� i

:=

P

j 6= i

y

j

, and

further de�ne a user sp eci�c parameter ( a

i

) for the i

th

user as a

i

:= ( u

i

h

i

=�

i

) � ( �

2

=L ).

3 Existence and Uniqueness of Nash

Equilibrium

The i

th

user's optimization problem is to minimize its

cost (2.1), giv en the sum of p o w ers of other users as

receiv ed at the base station, �y

� i

, and noise, under the

nonnegativit y constrain t, p

i

� 0. The resulting unique

reaction function, �

i

, of the i

th

user, is

p

i

= �

i

( � y

� i

; a

i

) =

(

1

h

i

[ a

i

�

1

L

�y

� i

] ; if �y

� i

� La

i

0 ; else

(3.1)

This reaction function dep ends not only on the user-

sp eci�c parameters, lik e u

i

, �

i

, and h

i

, but also on

the net w ork parameter, L , and �y

� i

. Similar to the

transmission con trol proto col (TCP) in the In ternet [7],

there is an inheren t feedbac k mec hanism here, built

in to the reaction function of the user. Here the total

receiv ed p o w er at the base station pro vides the user

with information ab out the \demand" in the net w ork,

whic h is comparable to congestion in case of the TCP .

Ho w ev er, one ma jor di�erence is that here the reac-

tion function itself tak es the place of the windo w based

algorithms in the TCP .

W e deduce the follo wing conditions from (3.1) in or-

der for the mobile to b e \activ e," or p

i

> 0. The �rst

is the p ositivit y of a

i

; this can b e equiv alen tly in ter-

preted as a lo w er b ound on the utilit y parameter u

i

.

The second condition is �y

� i

� La

i

, whic h follo ws di-

rectly from (3.1). An y equilibrium solution will ha v e

to constitute a solution to (3.1). If all M users ha v e

p ositiv e p o w er lev els at equilibrium, then the set of

equations to solv e is

Ly

i

+ �y

� i

= La

i

; i = 1 ; : : : ; M ; (3.2)

whereas if some of the users ha v e zero p o w er lev els

at equilibrium, then an appropriate mo di�cation will

ha v e to b e made to (3.2). The follo wing theorem no w

captures this and pro vides the complete NE solution.

Theorem 3.1 In the p ower game just de�ne d (with M

users), let the indexing b e done such that a

i

< a

j

)

i > j , with the or dering picke d arbitr arily if a

i

= a

j

.

L et M

�

� M b e the lar gest inte ger

~

M for which the

fol lowing c ondition is satis�e d:

a

~

M

>

1

( L +

~

M � 1)

~

M

X

i =1

a

i

: (3.3)

Then, the p ower game admits a unique NE, which

has the pr op erty that users M

�

+ 1 ; : : : ; M have zer o

p ower levels, p

�

j

= 0 j � M

�

+ 1 . The e quilibrium

p ower levels of the �rst M

�

users ar e obtaine d uniquely

fr om (3.2) with M r eplac e d by M

�

, and ar e given by,



for i 2 M

�

:= f 1 ; 2 ; : : : ; M

�

g ,

p

�

i

=

1

h

i

�

L

L � 1

�

a

i

�

1

L + M

�

� 1

X

j 2 M

�

a

j

�

�

: (3.4)

If ther e is no

~

M for which (3.3) is satis�e d, then the

NE solution is again unique, but assigns zer o p ower

level to al l M users.

Pro of: W e �rst state and pro v e the follo wing

lemma, whic h will b e useful in the pro of of the theorem.

Lemma 3.2 If c ondition (3.3) is satis�e d for

~

M =

^

M ,

it is also satis�e d for al l

~

M such that 1 �

~

M <

^

M .

W e no w sho w that the solution is strictly p ositiv e if,

and only if, condition (3.3) is satis�ed for

~

M = M .

First, it is straigh tforw ard to sho w that without the

p ositivit y condition (3.2) admits a unique solution.

Simple manipulations lead to expression (3.4), with

M

�

= M , for this unique solution. If the NE exists and

is strictly p ositiv e, then (3.2) has to ha v e a unique p os-

itiv e solution, whic h w e already kno w is giv en b y (3.4).

Hence, (3.4) has to b e p ositiv e, whic h is precisely con-

dition (3.3) in view of also the indexing of the users. On

the other hand, if (3.3) holds for

~

M = M , then w e ob-

tain from (3.4) that the equilibrium p o w er lev el of eac h

user is strictly p ositiv e. The existence and uniqueness

of the NE follo ws from (3.2). W e th us conclude that-

condition (3.3) with

~

M = M is b oth necessary and

su�cien t for the existence of a unique p ositiv e NE.

T o complete the pro of for the case M

�

= M , p ossi-

ble b oundary solutions need to b e in v estigated to con-

clude the uniqueness of the inner NE. One has to sho w

that there cannot b e another NE, with a subset

~

M of

~

M users transmitting with p ositiv e p o w er, and the re-

maining M �

~

M users ha ving zero p o w er lev el. In this

case, the reactiv e p o w er lev el of the i

th

mobile, i 2

~

M ,

is giv en b y (3.4) with M

�

=

~

M .

F or an y i

th

mobile, i =2

~

M , in order for the zero p o w er

lev el to b e part of a NE, condition

�y

� i

� La

i

(3.5)

should fail according to the reaction function (3.1) of

the mobile. Summing up the equilibrium p o w er lev els

as receiv ed b y the base station of

~

M users with p ositiv e

p o w er lev els (from (3.4) with M

�

=

~

M ) results in

1

L

X

j 2

~

M

y

j

=

1

L +

~

M � 1

X

j 2

~

M

a

j

(3.6)

Substituting in (3.5), the expression (3.6) for �y

� i

yields

a

i

�

1

L +

~

M � 1

X

j 2

~

M

a

j

: (3.7)

On the other hand, from Lemma 3.2, and (3.3), w e

ha v e for an y i

th

user in the indexed set f 1 ; : : : ;

~

M + 1 g ,

a

i

�

1

L +

~

M � 1

P

~

M

j =1

a

j

. Also, from the indexing of the

users it follo ws that

P

~

M

j =1

a

j

�

P

j 2

~

M

a

j

: Using this

in the previous inequalit y , w e see that (3.7) is satis�ed

for an y i

th

user, i 2 f 1 ; : : : ;

~

M + 1 g , regardless of the

c hoice of the subset

~

M . W e note that there exists at

least one user b elonging to the set f 1 ; : : : ;

~

M + 1 g , but

not the subset

~

M . Th us, the p o w er of that mobile m ust

b e p ositiv e, and hence the b oundary solution cannot b e

a NE. As this argumen t is v alid for an y subset

~

M , all

b oundary solutions fail similarly for b eing an equilib-

rium, including the trivial solution, the origin. Hence

the inner NE is unique. This completes the pro of for

the case M

�

= M .

If M

�

< M in condition (3.3), then the equilibrium

will clearly b e a b oundary p oin t. If condition (3.3)

fails for users M

�

+ 1 ; : : : ; M , then they use zero p o w er

in the equilibrium. Hence, for an y i

th

user among

M

�

+ 1 ; : : : ; M , condition (3.5) should fail. It w as

sho wn ab o v e that equation (3.6) holds with

~

M = M

�

.

As condition (3.3) do es not hold for the i

th

user, equa-

tion (3.7), and hence (3.5) fails. Th us, from (3.1) p o w er

lev el of the i

th

user is zero, p

i

= 0, at the equilibrium.

As this holds for an y i 2 f

^

M + 1 ; : : : ; M g , the equi-

librium p o w er lev els for these users are zero. It can

further b e sho wn follo wing similar lines to the ones in

the case of M

�

= M that the giv en b oundary solution

is unique.

Finally , in the case where no M

�

exists satisfying con-

dition (3.3), all users fail to satisfy (3.3), and the only

solution is the trivial one, p

�

i

= 0 8 i .

4 Up date Sc hemes for Mobiles, and Stabilit y

4.1 P arallel Up date Algorithm (PUA)

In the PUA, users optimize their p o w er lev els at eac h

iteration (in discrete time in terv als) using the reaction

function (3.1). If the time in terv als are c hosen to b e

longer than t wice the maxim um dela y in the transmis-

sion of p o w er lev el information, it is p ossible to mo del

the system as an ideal, dela y-free one. In a system with

dela ys, there are subsets of users, up dating their p o w er

lev els giv en the dela y ed information. The algorithm is

p

( n +1)

i

= �

i

( � y

( n )

� i

; a

i

) = max(0 ;

1

h

i

[ a

i

�

1

L

X

j 6= i

y

( n )

j

]) ;

(4.1)

whose global stabilit y is established in the next theo-

rem. This means that PUA con v erges globally to the

unique NE of Theorem 3.1 giv en as

p

�

i

= max(0 ;

1

h

i

[ a

i

�

1

L

X

j 6= i

h

j

p

�

j

]) : (4.2)



Theorem 4.1 PUA is glob al ly stable, and c onver ges

to the unique e quilibrium solution fr om any fe asible

starting p oint if the fol lowing c ondition is satis�e d,

M � 1 < L .

Pro of: Let 4 y

( n )

i

:= y

( n )

i

� y

�

i

. Consider �rst the

case when y

�

i

> 0 for an arbitrary i

th

user. Then, giv en

y

( n )

j

; j 6= i , w e ha v e the follo wing from (4.1) and (4.2):

j4 y

( n +1)

i

j

(

<

1

L

j

P

j 6= i

4 y

( n )

j

j ; if a

i

< ( � y

( n )

� i

=L )

=

1

L

j

P

j 6= i

4 y

( n )

j

j ; else

) j4 y

( n +1)

i

j �

1

L

X

j 6= i

j4 y

( n )

j

j (4.3)

Next, w e consider the case when y

�

i

= 0. Then,

from (4.1) and (4.2) it follo ws that

j4 y

( n +1)

i

j �

(

1

L

j

P

j 6= i

4 y

( n )

j

j ; if a

i

> ( � y

( n )

� i

=L )

0 ; else

Th us, the inequalit y (4.3) holds for b oth cases. No w

let jj4 y jj

1

:= max

i

j4 y

i

j . Then, from (4.3),

jj4 y

( n +1)

jj

1

�

1

L

max

i

X

j 6= i

j4 y

( n )

j

j �

M � 1

L

jj4 y

( n )

jj

1

:

Hence, (4.3) is a con traction mapping under condition,

M � 1 < L , whic h leads to the stabilit y and global

con v ergence of the PUA (4.1).

4.2 Random Up date Algorithm (R UA)

Random up date sc heme is a sto c hastic mo di�cation of

PUA. The users up date their p o w er lev els with a pre-

de�ned probabilit y 0 < �

i

< 1. Equiv alen tly , at eac h

iteration a set of randomly pic k ed �

i

M users up date

their p o w er lev els. In the limiting case, �

i

= 1, R UA is

the same as PUA. The R UA algorithm is describ ed b y

p

( n +1)

i

=

(

�

i

( � y

( n )

� i

; a

i

) ; with probabilit y �

i

p

( n )

i

; with probabilit y 1 � �

i

;

where �

i

w as de�ned in (4.1). W e already kno w

from the pro of of Theorem 4.1 that if user i up dates,

then (4.3) holds. Hence, for eac h i = 1 ; : : : ; M ,

E j4 y

( n +1)

i

j �

�

i

L

X

j 6= i

E j4 y

( n )

j

j + (1 � �

i

) E j4 y

( n )

i

j

(4.4)

No w de�ning the `

1

norm jj4 y jj

1

:= max

i

E j4 y

i

j ,

and follo wing steps as in the case of PUA, w e obtain

jj4 y

( n +1)

jj

1

� (

M � 1

L

�� + (1 � � )) jj4 y

( n )

jj

1

, where �� <

1 and � > 0 are tigh t b ounds on �

i

for all i , that is

� < �

i

< �� . Therefore,

M � 1

L

�� + (1 � � ) < 1 (4.5)

is a su�cien t condition for the righ t-hand side of (4.4)

to b e a con traction mapping, and for the stabilit y and

con v ergence of R UA in norm. W e also note that when

all users ha v e the same up date probabilit y , �

i

= � 8 i ,

this condition simpli�es to ( M � 1) =L < 1, same suf-

�cien t condition as the one for PUA. W e sho w next a

stronger result, almost sure (a.s.) con v ergence of R UA,

under condition (4.5). By the Mark o v inequalit y and

using the de�nition of the l

1

-norm, w e ha v e

1

X

n =1

P ( j4 y

( n )

i

j > " ) �

1

X

n =1

E j4 y

( n )

i

j

"

�

1

"

1

X

n =1

jj4 y

( n )

jj

1

;

where P ( : ) denotes the underlying probabilit y mea-

sure. Since E j4 y

( n )

i

j is a con tracting sequence with

resp ect to the l

1

-norm as sho wn, jj4 y

( n )

jj

1

�

� jj4 y

( n � 1)

jj

1

� � � � � �

n

jj4 y

(0)

jj

1

, where 0 <

� < 1. Using this in the inequalit y ab o v e, it follo ws

that

P

1

n =1

P ( j4 y

( n )

i

j > " ) � K = ( " (1 � � )), where

K = jj4 y

(0)

jj

1

is a constan t. Hence, the increas-

ing sequence of partial sums

P

N

n =1

P ( j4 y

( n )

i

j > " ) is

b ounded ab o v e b y

K

" (1 � � )

. Th us, it con v erges for ev ery

" > 0. F rom the Borel-Can telli Lemma, it then follo ws

that P (lim sup

n !1

f ! : j4 y

( n )

i

j > " g ) = 0. Hence,

R UA con v erges also a.s. under condition (4.5).

5 Pricing Strategies at the Base Station

In a nonco op erativ e net w ork, pricing is an imp ortan t

design to ol as it creates an incen tiv e for the users to

adjust their strategies, in this case p o w er lev els, in line

with the goals of the net w ork. W e will consider in this

section t w o di�eren t pricing sc hemes:

(i) A c entr alize d pricing scheme: Users are divided in to

classes, with all users b elonging to a particular class

ha ving the same utilit y function parameter ( u

i

). F ur-

ther, all users within a class ha v e the same SIR require-

men t. The role of the base station is to set prices for

these di�eren t classes suc h that, under the resulting

NE, the SIR targets of the users are met. A precise

result co v ering the symmetric-user case where ev ery

mobile has the same SIR requiremen t, and u

i

= 1, is

captured b y the follo wing theorem.

Theorem 5.1 Assume that the users ar e symmetric in

their utilities, u

i

= 1 8 i , they have the same minimum

SIR r e quir ement, 


�

, and ar e char ge d pr op ortional to

their channel gain, �

i

= k h

i

. Then the maximum num-

b er of users, M

�

, the system c an ac c omo date is b ounde d



by M

�

< ( L=


�

) + 1 . Mor e over, the pricing p ar ameter

k under which M � M

�

users achieve the SIR level 


�

is k = �

i

=h

i

= ( L=�

2

) ( L � 


�

( M � 1)) = ( L ( 


�

+ 1)) .

If M > M

�

, all users fall b elo w the desired SIR lev el

( 


�

) due to the symmetry . In this case, dropping some

of the users from the system so as to bring M b elo w M

�

w ould lead to a viable solution. This pricing sc heme

can b e further generalized b y splitting the mobiles in

a cell in to m ultiple groups according to their desired

SIR lev els, where the users within eac h group are sym-

metric. Using a m ultiple pricing sc heme, a solution

capturing these m ultiple user groups can b e obtained.

(ii) De c entr alize d, market-b ase d pricing: The base sta-

tion sets a single price for all users, and the users c ho ose

their willingness to pa y parameter ( u

i

) to satisfy their

QoS requiremen ts. As compared to the cen tralized

sc heme, this one is more 
exible, and allo ws users to

comp ete for the system resources b y adjusting their in-

dividual u

i

's. After the base station sets an appropriate

v alue for price ( k ), eac h user dynamically up dates its

p o w er lev el b y minimizing its cost under PUA or R UA.

As a result, a distributed and mark et-based p o w er con-

trol sc heme can b e obtained.

The i

th

mobile can adjust u

i

dynamically in accor-

dance with 


�

i

, giv en the in terference at the base sta-

tion. F rom (3.1) and (2.2), it follo ws that u

i

>

�

i

Lh

i

( 


�

i

+ 1)( � y

� i

+ �

2

). The base station can limit

aggressiv e requests for SIR ev en in the case when a

user pa ys for its excessiv e usage of p o w er, b y setting

an upp er-limit, y

max

, for the receiv ed p o w er of the

i

th

user at the base station: y

i

� y

max

. Hence, un-

resp onsiv e users can b e punished b y the base station

in order to preserv e net w ork resources. F rom (3.1),

one can obtain an upp er-b ound on the v alue of u

i

:

u

i

�

k

L

[ �

2

+ ( L + M

max

� 1) y

max

] ; 8 i: When this b ound

is com bined with a simple admission con trol sc heme,

limiting the n um b er of mobiles to M

max

, the base sta-

tion can pro vide guaran tees for a minim um SIR lev el,




min

=

Ly

max

( M

max

� 1) y

max

+ �

2

. A tradeo� is observ ed in

the c hoice of the design parameters 


min

v ersus M

max

.

If the net w ork w an ts to pro vide guaran tees for a high

SIR lev el, then it has to mak e a sacri�ce b y limiting

the n um b er of users. In addition, users ma y implemen t

a distributed admission sc heme according to their bud-

get constrain ts and desired SIR lev els. If the necessary

price to reac h a SIR lev el exceeds the budget, B

i

, of

the user, that is �

i

( 


�

i

+ �y

� i

+ �

2

) =Lu

i

h

i

� B

i

, then

the user ma y simply c ho ose not to transmit at all.

6 Sim ulation Studies

The p o w er con trol sc heme dev elop ed has b een sim u-

lated using MA TLAB, where a discrete time scale w as

used. The c hannel gains of users, h

i

, w ere pic k ed ran-

domly with uniform distribution on [0 : 2 ; 1].
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Figure 1: Comparison of p o w er and SIR �nal v alues of the

mobiles under �xed and prop ortional pricing.

In the �rst sim ulation, the t w o pricing sc hemes are com-

pared, where users are c hosen to b e symmetric under

b oth �xed pricing, �

i

= � , and prop ortional pricing,

�

i

= k h

i

. In Fig. 1, the NE p o w er and the SIR v alues

of eac h user are depicted under the t w o pricing sc hemes.

Users with lo w er c hannel gains fail to meet the mini-

m um SIR goal, whereas under prop ortional pricing all

users meet it regardless of their c hannel gain. Prop or-

tional pricing is `fair' in the sense that the users are not

a�ected b y their distance to the base station.

The e�ect of pricing is further in v estigated in another

sim ulation for a single class of users b y v arying the pric-

ing parameter, k , under prop ortional pricing. Equiv a-

len tly , this sim ulation can b e in terpreted as v arying the

utilit y parameter, u . F rom (3.1), the e�ect of u

i

on the

system is in v ersely prop ortional to k

i

. An increase in

price leads to decrease in b oth p o w er and SIR v alues.

6.1 Con v ergence Rate and Robustness

W e ha v e sim ulated PUA and R UA for di�eren t n um-

b ers of symmetric users in b oth dela y ed and dela y-free

cases. The dela y factor w as in tro duced in to the system

in the follo wing w a y: users are divided in to d equal

size groups, and eac h group has an increasing n um b er

of units of dela y . In Fig. 2(a), the n um b er of iterations

to the NE is sho wn for di�eren t probabilit y v alues of

R UA and also for PUA in the dela y-free case. As the

n um b er of users increase, the optimal up date probabil-

it y decreases. If, ho w ev er, the n um b er of users is m uc h

smaller than the spreading gain, M � L , then PUA is

sup erior to R UA. When this sim ulation is rep eated in

the dela y ed case, PUA con v erges faster than R UA for

an y n um b er of users as sho wn in Fig. 2(b).

Next, w e in v estigate the robustness of the system in

the ideal, dela y-free case. First, w e analyze it under in-

creasing noise, �

2

. The bac kground noise is increased

step b y step up to 100% of its initial v alue. W e ob-
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Figure 2: Con v ergence rate for di�eren t �

i

's and M 's in

(a) dela y-free (b) dela y ed cases.

serv e in sim ulations that the p o w er v alues increase in

resp onse to the increasing noise to k eep the initial SIR

constan t. Similarly , when w e increase the n um b er of

mobiles in the system it has the same e�ect as increas-

ing the noise due to the nature of CDMA. Th us, all

users main tain their SIR lev els, con�rming the robust-

ness of the p o w er con trol sc heme.

W e then sim ulated the system in a realistic setting

where the n um b er of users w as mo deled as a Mark o v

c hain. Arriv al of new mobiles w as c hosen to b e P ois-

son, and call durations w ere exp onen tially distributed.

A quan tit y of in terest is the a v erage p ercen tage di�er-

ence b et w een the theoretical equilibrium and the cur-

ren t op erating p oin t of the system in terms of p o w er

v alues of users for some p erio d of time. It is observ ed in

the sim ulations that the system op erates within 1% of

ideal equilibrium p oin ts. Similar results w ere obtained

in another sim ulation where the c hannel gains of users

w ere v aried randomly up to 15% of their previous v al-

ues.
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Figure 3: SIR and p o w er lev els at the base station of a

priorit y and a regular user v ersus time.

Finally , a mark et-based pricing sc heme with prop or-

tional pricing at the base station is in v estigated. There

are t w o groups of symmetric users, whic h ha v e di�er-

en t utilit y parameters, u . The group with higher u is

lab eled the \priorit y" user group, while the other one

is called the \regular" user group. In order to observ e

the e�ect of v ariation in the n um b er of users on the SIR

lev els, w e let a sample user from eac h group mak e a long

enough call. A t the same time, the n um b er of users in

eac h group and c hannel gains of the users w ere v aried

as in previous robustness sim ulations to create realistic

disturbances in the system. F or simplicit y , the v alues of

the utilit y parameters w ere k ept constan t throughout

the sim ulation. In Fig. 3, it is observ ed that a priorit y

user alw a ys obtains a higher SIR than a regular user.

The 
uctuation in the prices is due to the v ariation in

the n um b er of users and the total demand for SIR.

7 Conclusion

The results obtained for the uplink p o w er con trol prob-

lem in a single cell CDMA wireless net w ork indi-

cate that the game theoretical approac h can pro vide

satisfactory decen tralized and mark et-based solutions.

There still exist, ho w ev er, some op en questions, whic h

require further in v estigation. One p ossible extension of

this w ork is to a m ultiple cells mo del, where the e�ect

of neigh b oring cells are tak en in to accoun t. Another

topic of researc h is the dev elopmen t of the coun terparts

of these results in the case of m ultiple base stations,

whic h brings up the c hallenging issue of hando�.
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