
A V ariable Rate Mo del with QoS Guaran tees for Real Time

In ternet T ra�c

T ansu Alp can and T amer Ba � sar

Co ordinated Science Lab oratory , Univ ersit y of Illinois at Urbana-Champaign,

Urbana, Illinois 61801-2307, USA

ABSTRA CT

W e dev elop a mathematical mo del within a game theoretical framew ork for v ariable rate real time tra�c at a

b ottlenec k no de. W e address not only the 
o w con trol problem, but also pricing and allo cation of a single resource

among users. A distributed, end-to-end 
o w con trol is prop osed b y in tro ducing a cost function, de�ned as the

di�erence of pricing and utilit y functions. F or t w o di�eren t utilit y functions, there exists a unique Nash equilibrium

in the underlying game. The pap er also in tro duces three distributed up date algorithms, parallel, random and gradien t

up date, whic h are globally stable under reasonable conditions. The con v ergence prop erties and robustness of eac h

algorithm are studied through extensiv e sim ulations.
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1. INTR ODUCTION

The 
o w con trol mec hanisms of the curren t In ternet, implemen ted in TCP pro vide distributed, end-to-end congestion

con trol for the in ternet tra�c.
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TCP w as sp eci�cally designed to pro vide reliable, b est-e�ort t yp e tra�c o v er an

unreliable in ternet w ork. Ev olution of the In ternet o v er time, ho w ev er, has resulted in a net w ork whic h tries to meet

v ery di�eren t needs, in con trast with the original design goals. Implemen tation of R TT (Real Time T ra�c) on the

In ternet for new applications lik e V oIP (V oice Ov er IP) or video conferencing is one suc h example. Pricing of the

net w ork resources and c harging the users in prop ortion with their usage is another c hallenge. In ternet is no longer

a small, sp ecial comm unit y as it used to b e, and there is an emerging need for additional mec hanisms to ensure fair

allo cation of net w ork resources among the users. Ac hieving these goals is only p ossible with new congestion and 
o w

con trol mec hanisms. The implemen tation of R TT requires certain QoS guaran tees in a b est-e�ort t yp e net w ork, to

ensure the necessary minim um 
o w rate for p ossible applications.

There is ongoing e�ort for impro ving and mo difying the 
o w con trol mec hanisms of TCP to satisfy the needs of

the curren t In ternet. Most of the literature in this area is concen trated on con trolling the b est-e�ort t yp e tra�c,

where sev eral di�eren t approac hes ha v e b een used.

2,3

These metho ds can b e divided in to three groups. The �rst

approac h is a cen tralized one, where the 
o w of eac h user is regulated separately b y the net w ork. Suc h a cen tralized

approac h is not in line with the distributed philosoph y of the In ternet, whic h is more widely ac kno wledged. A second

approac h is to pro vide incen tiv es for end users to supp ort the con tin ued use of end-to-end congestion con trol, similar

to the curren t mec hanism. This can b e ac hiev ed via p olicing metho ds, where those users who do not adapt their


o ws in the case of a congestion are categorized as unr esp onsive and punished b y the net w ork.
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The third approac h

is one of the most p opular approac hes, b ecause of the fact that it addresses not only congestion con trol problem, but

also pricing and fairness issues. The basic principle here is to pro vide sp eci�c pricing mec hanisms to end users and

to let them adjust their 
o w rates accordingly . The recen t w ork of Kelly et al.

3

on shado w prices and prop ortional

fairness is an example for this t yp e of approac h. Using a feedbac k mec hanism based on shado w prices, one can

ac hiev e stabilit y and optimal usage of net w ork resources. F airness has b een de�ned in this w ork in the prop ortional

sense, whic h is a relaxed form of classical min-max fairness.

Game theory pro vides a natural framew ork for dev eloping similar pricing mec hanisms to solv e rate con trol, fairness

and ev en routing problems. An appropriate solution concept here is the nonco op erativ e Nash equilibrium. In this

approac h, a distributed, nonco op erativ e net w ork game is de�ned, where eac h user tries to minimize a sp eci�c cost

function b y adjusting his 
o w rate, with the remaining users' 
o ws �xed. In ternet, with its users of completely

an tagonistic nature in terms of their demand for bandwidth, justi�es the use of a nonco op erativ e game theoretic

Researc h supp orted in part b y gran ts NFS ANI 98-13710, AF OSR MURI AF DC 5-36128, and ARMY OSP 35352-6086.



framew ork. A second ma jor adv an tage of the game theoretical approac h comes from the fact that it pro vides a

distributed solution in nature, i.e. it do es not prop ose a cen tral con trol for the net w ork, and this is in accordance

with to da y's In ternet, as w ell as future trends of decen tralized computing. As an example for addressing the 
o w

con trol problem in a game theoretic framew ork, w e can cite Altman and Ba � sar,
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who sho w that if an appropriate

cost function and pricing mec hanism are used, one can �nd an e�cien t Nash equilibrium for a m ultiuser net w ork,

whic h is further stable under di�eren t up date algorithms.

All the approac hes men tioned ab o v e assume highly elastic, b est e�ort t yp e tra�c. Man y applications creating

suc h tra�c, lik e FTP , e-mail, etc. are imm une to dela ys and ev en to in terruptions in comm unication. Implemen tation

of R TT, ho w ev er, requires QoS guaran tees lik e a minim um 
o w rate and a maxim um dela y as w ell as tra�c of lo w

elasticit y . In this t yp e of tra�c, users cannot decrease their 
o w rates b elo w a certain threshold without seriously

disturbing the comm unication of the higher la y er application. In case of a V oIP application, for example, decreasing

the 
o w rate b elo w certain limits causes undesirable in terruptions in the telephone call.

T o accommo date these t yp es of requiremen ts, w e prop ose in this pap er a distributed 
o w con trol mec hanism that

mak es real time in ternet tra�c of lo w elasticit y p ossible. While giving the users negotiable QoS guaran tees necessary

for curren t applications, a net w ork problem cast in a nonco op erativ e game theoretic framew ork pro vides excess 
o w

of elastic nature, in addition to the guaran teed minim um 
o w. Hence, 
exibilit y of the system is impro v ed, b y taking

in to accoun t an y p ossible future applications. The admission con trol mec hanism w e consider limits the n um b er of

users according to the a v ailable bandwidth. F or tra�c t yp es requiring certain QoS lev els, implemen tation of an

admission con trol sc heme is a natural solution.
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The cost function w e adopt consists of pricing and utilit y functions,

and also includes utilit y parameters, describing the user's demand for excess bandwidth, and net w ork adjustable

pricing parameters to ensure stabilit y of the equilibrium.

The prop osed con trol sc heme has t w o distinct parts. The �rst part consists of users and edge routers, and pro vides

the in terface b et w een users and the rest of the net w ork. Edge routers, whic h w e will also refer to as `net w ork', are

resp onsible for pricing the users b y adjusting the parameters in cost functions, p olicing of malicious users, and securit y

issues. The admission mec hanism and QoS guaran tees are also within the functions of the net w ork. The second

part of the mec hanism is a distributed end-to-end con trol system, where users adjust their excess 
o ws according to

their needs but also b y taking in to accoun t the state of the net w ork. The necessary incen tiv e is created for users b y

the pricing mec hanism based on the adopted cost functions. An inheren t feedbac k mec hanism in the cost functions

ensures that the users get the basic information ab out the state of the net w ork. The nonco op erativ e game theoretical

framew ork pro vides equilibrium conditions for the system and most imp ortan tly , the mark et structure, where supply

and demand for bandwidth determines the allo cation of net w ork resources and prices. F airness in the net w ork is

established in suc h a w a y that the users who are willing to pa y more for resources than others at an y instan t receiv e a

larger prop ortion of the resources. A basic assumption w e mak e is the rationalit y of the users, whic h can b e justi�ed

b y the fact that the term `user' generally stands for a computer program whic h determines the 
o w rate in real time

based on giv en parameters. Although some parameters migh t b e adjusted directly b y an individual p erson, it is

v ery natural to assume that the program itself is inheren tly rational. This assumption remo v es man y complications

encoun tered in game theory , suc h as probabilit y of irrational b eha vior b y individual pla y ers.

There exist already sev eral w ell established and extensiv ely studied comm unication systems with admission con trol

and �xed 
o w rates with PSTN (Public Switc hed T elephone Net w ork) b eing the classical example. F or this reason, w e

will fo cus more on the second part of the mec hanism: distributed end-to-end con trol of excess 
o w, whic h is elastic,

in a game theoretical framew ork, giving the system a signi�can t amoun t of 
exibilit y . One of the ma jor adv an tages

of our mec hanism lies in the fact that it handles all t yp es of tra�c from zero to medium elasticit y , dep ending on the

needs of the user. It can b e considered as a com bination of CBR and ABR services in the A TM terminology .

In the next section, w e pro vide a description of the prop osed mo del, and in section 3 w e in tro duce a unique Nash

equilibrium. In section 4, w e in v estigate v arious up date algorithms and establish stabilit y conditions. Sim ulation

results are presen ted in section 5. Due to space limitations, w e ha v e left out the pro ofs of most of the results, whic h

can ho w ev er b e found in the longer v ersion of the pap er, a v ailable from the authors.

2. THE MODEL AND THE COST FUNCTION

W e consider a b ottlenec k no de in a general net w ork top ology , with a certain lev el, C , of a v ailable bandwidth, whic h

is shared b y N users or connections. The i

th

user's 
o w rate �

i

consists of t w o parts: The guaran teed minim um 
o w

rate, �

i;min

, and the v ariable excess 
o w rate, x

i

, de�ned as the di�erence of the total 
o w and the minim um 
o w:



x

i

= �

i

� �

i;min

. The guaran teed 
o w rate, �

i;min

, is negotiated b et w een the user and the net w ork at the time of the

connection setup and remains constan t thereafter. It pla ys a crucial role in meeting the QoS requiremen ts necessary

for real time tra�c t yp es. The problem of giving users guaran tees for their requested minim um 
o ws while preserving

the net w ork resources at the same time, b ounded b y the maxim um a v ailable bandwidth C at the b ottlenec k no de,

can b e solv ed with the aid of an admission con trol mec hanism.

The prop osed admission con trol sc heme is mark et based and has a cost and pricing structure. Although it can

b e compared with classical call blo c king sc hemes, mo deled often as M = M =s=s queues in circuit switc hing,
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it di�ers

in man y resp ects and has sev eral adv an tages. In this sc heme, a new j

th

user, j = N + 1, requesting a minim um 
o w

rate, �

j;min

, determines itself whether to initiate a session or not, under the admission pricing function:

P

0

j

=

k

adm

C � ( �

j;min

+

P

N

i =1

�

i

)

(2.1)

The constan t k

adm

is determined b y the net w ork for pricing purp oses. The denominator term C � ( �

j;min

+

P

N

i =1

�

i

)

is resp onsible for setting the price of the resource, in this case the bandwidth, directly prop ortional to the total

demand. The exc hange is giv en the righ t of den ying the user the requested service if the price is higher than a

certain maxim um threshold v alue. The mec hanism results in a `soft' call blo c king sc heme, where the decision of

whether or not to blo c k a call is tak en not only b y the net w ork side, but also b y the user, dep ending on the demand

of the particular user for the bandwidth at that instan t. A t the same time, the net w ork resources are prev en ted from

going do wn to dangerously lo w lev els in case of a congestion.

The guaran teed 
o w rate, �

i;min

, despite its necessit y for real time applications, is inheren tly in
exible. Once

the user negotiates with the net w ork at the b eginning of the connection and is admitted to the system, the terms

cannot b e c hanged during the connection. It is conceiv able, ho w ev er, that there migh t exist applications whic h w ould

demand additional bandwidth during the course of the connection. In order to add this 
exibilit y to the system, w e

consider here a net w ork game, in whic h the i

th

user can regulate his excess 
o w, x

i

. W e note that the excess 
o w

rate is elastic in nature, i.e. it has no QoS guaran tees and is b ounded ab o v e b y the total a v ailable excess bandwidth,

m . This is the remaining a v ailable bandwidth after all guaran teed minim um 
o ws are subtracted from the total

capacit y: m = C �

P

N

i =1

�

i;min

.

The prop osed admission sc heme for minim um 
o w rate, in spite of its di�erences, can b e implemen ted similarly to

classical admission sc hemes. Therefore, w e will fo cus here on the excess elastic 
o w part of the mo del. The net w ork

game is de�ned at the b ottlenec k no de, using a sp eci�c cost function and a totally distributed con trol sc heme, where

end users adjust their 
o w rates themselv es. Consisten t with the assumption of rationalit y , users minimize their

costs, determined b y their cost function. Ov erall con trol of the net w ork is ac hiev ed through setting the pricing

parameter and adjusting the maxim um a v ailable capacit y , C , whic h do es not ha v e to b e the real ph ysical capacit y .

Another function of the net w ork is that it detects and limits unresp onsiv e 
o ws in the case of users with malicious

in ten tions.

2

Eac h user ma y en ter the net w ork game for excess bandwidth and minimizes its cost b y regulating its

excess 
o w rate, x

i

, after its constan t 
o w rate, �

i;min

, is determined. A natural minim um for the case where the

user has no demand for excess bandwidth is x

i

= 0 or �

i

= �

i;min

. The in tuitiv e explanation for this is that the user

is completely satis�ed with the pre-negotiated constan t 
o w �

i;min

. Then, suc h a user do es not need to en ter the

net w ork game at all. Excluding suc h users from the net w ork game simpli�es the analysis. As a result, the n um b er of

users in the net w ork game, M , can b e less than the total n um b er of users, N , or M � N . The remaining a v ailable

bandwidth, m , is adjusted accordingly .

The cost function for the users en tering the game is de�ned as the di�erence b et w een the pricing and the utilit y

functions. This cost function not only sets the dynamic prices, but also captures the demand of a user for bandwidth.

The �rst term of the cost function, pricing function, is de�ned as follo ws:

P

i

( �

i

) =

k

i

C � �

( �

i

� �

i;min

)

2

+ l

i

�

i;min

(2.2)

Here, � is the total 
o w of all users: � = �

i

+ �

� i

, where �

� i

is the sum of the 
o ws of all users except the i

th

one,

and k

i

� 0 ; l

i

� 0 are pricing parameters determined b y the net w ork. Notice that l

i

can b e considered as the �xed

price the user pa ys for the guaran teed bandwidth �

i;min

. The price v alue of this parameter is, ho w ev er, not that

imp ortan t, since it do es not a�ect the optimal 
o w rate of the user. The pricing term not only sets the actual price,



but also has the regulatory function of giving the user a feedbac k ab out the net w ork status via the denominator

term C � � . In queueing systems this term is generally in terpreted as the dela y . In this con text, ho w ev er, it has a

feedbac k functionalit y . As the sum of 
o ws of users approac h the capacit y C , the denominator approac hes zero, and

hence the price increases without b ound. This preserv es the net w ork resources b y forcing the users to decrease their

elastic 
o ws. Concurren tly , a prop ortional relationship b et w een demand and price is obtained, whic h ensures that

the prices are set according to mark et forces.

The second part of the cost function, the utilit y function U

i

, quan ti�es the user's utilit y for ha ving the bandwidth

and captures to some exten t the `h uman factor'. Although it cannot b e exactly kno wn to the net w ork, some statistical

estimates can b e collected, taking in to accoun t habits of sp eci�c t yp e of a user o v er a certain time p erio d. A reasonable

assumption is to de�ne it as strictly conca v e for elastic 
o ws. As widely used and accepted in economics, a logarithmic

function can b e c hosen as the b est appro ximation to the utilit y function of the user in this case.

In order to capture the prop erties of real time tra�c to the fullest exten t, U

i

, the utilit y of the i

th

user is examined

in t w o parts: The excess utilit y function, U

e

i

, de�ned in terms of the excess 
o w rate, x

i

� 0, quan ti�es the user's

demand for excess bandwidth. On the other hand, the utilit y for the region x

i

< 0 is describ ed with either a strictly

con v ex function whic h mo dels the requiremen ts of the real time tra�c from the user's p oin t of view or a zero function.

In b oth cases, if the user's 
o w rate is less than the guaran teed 
o w rate, �

i;min

, the general utilit y drops fast to

zero. Ha ving more than the minim um rate on the other hand, migh t not increase the utilit y when the user has no

demand for excess bandwidth. In this case, the utilit y function U

i

is either a simple step function or strictly con v ex

in the region �

i

< �

i;min

and U

e

i

is a constan t. In accordance with the previous discussion, w e exclude suc h users

from the net w ork game.

F or the case where the user demands excess bandwidth, the utilit y function U

i

is form ulated in the general form,

with the aid of excess utilit y , U

e

i

:

U

i

( �

i

) =

�

U

e

i

( x

i

) ; �

i

� �

i;min

f ( �

i

) ; �

i

< �

i;min

(2.3)

where f ( �

i

) is either strictly con v ex and increasing or zero in the limiting case. Due to the nature of R TT, f ( �

i

)

is b ounded ab o v e b y a constan t d

i

, implying the utilit y obtained from the minim um 
o w �

i;min

. Additionally , w e

assume U

i

to b e con tin uous, unless f ( �

i

) is zero. Under the assumption of logarithmic utilit y , a p ossible realistic

utilit y function for a user demanding excess 
o w can b e de�ned in terms of x

i

:

U

e

i

( x

i

) = ln(1 + x

i

) + d

i

; x

i

� 0 8 i; (2.4)

Based on the giv en pricing and utilit y functions, the cost function is simply P � U . In other w ords, the 
o w rate of

a user results from the in teraction b et w een price and demand in terms of excess 
o w:

J

i

( x

i

; x

� i

) =

8

>

>

<

>

>

:

k

i

x

2

i

m � ( x

i

+ x

� i

)

� ln(1 + x

i

) + e

i

; x

i

� 0

k

i

x

2

i

m � ( x

i

+ x

� i

)

+ l

i

�

i;min

� f ( x

i

+ �

i;min

) ; x

i

< 0

; (2.5)

where e

i

� l

i

�

i;min

� d

i

; is a constan t and has no e�ect in the optimization pro cess. The same cost function for the

i

th

user can also b e expressed in terms of the total 
o w of the user:

J

i

( �

i

; �

� i

) =

8

>

<

>

:

k

i

C � �

( �

i

� �

i;min

)

2

+ l

i

�

i;min

� ln(1 + �

i

� �

i;min

) � d

i

; �

i

� �

i;min

k

i

C � �

( �

i

� �

i;min

)

2

+ l

i

�

i;min

� f ( �

i

) ; �

i

< �

i;min

(2.6)

Notice that the excess utilit y function is de�ned only in the region where �

i

> �

i;min

and utilit y for the remaining

part is de�ned b y the con v ex function f ( �

i

). In the next section w e will revisit this p oin t and sho w that a Nash

equilibrium cannot o ccur in the region x

i

� 0 for an y i , ev en if x

i

� 0 is allo w ed.

A dra wbac k of the realistic utilit y function ab o v e is that it leads to nonlinear reaction functions for the users,

whic h mak es analytical analysis v ery di�cult and limited, if not imp ossible, ev en though an existence and uniqueness

result (on Nash equilibria) could b e obtained, as w e will do in next section. In order to mak e the analysis tractable,



ho w ev er, for explicit results, w e will use linear utilit y functions for the users, whic h leads to a set of linear equations

as reaction functions. Accordingly , w e will tak e as the utilit y function of user i:

U

e

i

( x

i

) = a

i

x

i

+ d

i

(2.7)

where a

i

is a p ositiv e constan t not exceeding 1. One p ossible in terpretation for the linear utilit y is that it constitutes

a linear appro ximation to the actual utilit y function at an y p oin t �

i

. In this case, the system is analyzed lo cally in

the vicinit y of the c hosen p oin t �

i

= x

i

+ �

i;min

. The parameter a

i

, is the slop e of the utilit y function at that p oin t:

a

i

�

@ U

e

i

( x

i

)

@ x

i

) a

i

� 1 ; 8 i (2.8)

Another in terpretation for the linear utilit y w ould b e from a w orst case p ersp ectiv e. The constan t a

i

can b e

c hosen so as to pro vide an upp erb ound for marginal utilit y at an y giv en p oin t � :

a

i

= max

x

i

@ U

e

i

@ x

i

( ) a

i

= max

x

i

1

1 + x

i

) a

i

= 1 ; 8 i (2.9)

The upp erb ound v alue is based again on the assumption that x

i

� 0 for all i . The parameter d

i

is the same as in

equation (2.4) and since it is a constan t it can b e ignored in the subsequen t optimization step. It will b e sho wn later

that, giv en the 
o w rates of all other users, x

� i

, the optimal 
o w rate of the i

th

user under linear utilit y with a

i

= 1

is alw a ys higher than the one under logarithmic utilit y . Notice that the same linear utilit y cost structure is arriv ed

at in b oth lo cal and w orst case analyses, with a

i

c hosen as describ ed ab o v e. Com bining the w orst case and lo cal

analyses in a single step simpli�es the problem at hand signi�can tly .

3. EXISTENCE AND UNIQUENESS OF NASH EQUILIBRIUM

3.1. Uniqueness under Logarithmic Utilit y F unction

The optimization problem of a single i

th

user, de�ned as the minimization of the cost function (2.5), is solv ed under

the follo wing constrain ts: x

i

> 0 ; x

i

< m � x

� i

; 8 i . The �rst constrain t is dictated b y the fact that the i

th

user

has requested a 
o w rate of at least �

i;min

. The second constrain t is a ph ysical capacit y constrain t, whic h implies

that the aggregate sum of all 
o ws in a no de cannot exceed its total capacit y .

Di�eren tiating the cost function (2.5) of the i

th

user with resp ect to x

i

ev erywhere except at x

i

= 0, w e obtain:

@ J

i

( x )

@ x

i

=

8

>

>

<

>

>

:

k x

2

i

+ 2 k

i

x

i

[ m � ( x

i

+ x

� i

)]

[ m � ( x

i

+ x

� i

)]

2

�

1

1 + x

i

; x

i

> 0

k x

2

i

+ 2 k

i

x

i

[ m � ( x

i

+ x

� i

)]

[ m � ( x

i

+ x

� i

)]

2

�

@ f ( x

i

+ �

i;min

)

@ x

i

; x

i

< 0

; 8 i (3.1)

Notice that

@ f ( �

i

)

@ x

i

is nonnegativ e b y the de�nition of f ( �

i

). Hence, (3.1) attains negativ e v alues in the in terv al

x

i

< 0, for eac h i . Moreo v er, the cost at x

i

= 0 is alw a ys higher than the cost in the region x

i

> 0, since the function

f ( �

i

) is b ounded ab o v e b y the constan t d

i

> 0. In other w ords, a user can decrease the cost b y increasing the 
o w.

A t a Nash equilibrium, a single user cannot impro v e his situation b y unilaterally c hanging his o wn strategy , or 
o w

rate in this case, giv en the 
o w rates of other users. Th us, the optimal p oin t x

�

i

has to b e strictly p ositiv e.

F or the second constrain t, it can b e observ ed that the cost function (2.5) of the i

th

user b ecomes p ositiv e

un b ounded as x

�

i

approac hes m � x

�

� i

. Again, the user can decrease its cost unilaterally b y decreasing his 
o w rate,

and hence the b oundary p oin t x

�

i

= m � x

�

� i

cannot b e an optimal p oin t. The conclusion, therefore, is that ev ery

Nash equilibrium has to b e an inner solution.

Theorem 3.1. Ther e exists a unique Nash e quilibrium in the network game with lo garithmic utility functions.



3.2. Uniqueness under Linear Utilit y F unction

Here, w e sho w the existence of a unique Nash equilibrium for the cost function with linear utilit y . F urthermore,

exploiting the linearit y of reaction functions, w e calculate the equilibrium p oin t explicitly . The analysis in this

section applies not only to the w orst case analysis, but also to the lo cal analysis, where the logarithmic utilit y

function is appro ximated b y a linear function.

Again, eac h user minimizes his cost function (2.5), sub ject to the p ositivit y and capacit y constrain ts. First

assuming an inner solution, w e ha v e for the i

th

user:

@ J

i

( x )

@ x

i

= 0 , whic h can b e solv ed for x

i

, to lead to: x

i

=

( m � x

� i

)[1 �

q

k

i

k

i

+ a

i

] : The solution with the + sign is eliminated in view of the constrain t m � x

� i

� x

i

; hence

the only feasible solution is the one with the - sign:

x

i

= ( m � x

� i

)[1 �

r

k

i

k

i

+ a

i

] � mq

i

� q

i

x

� i

; (3.2)

where the last expression de�nes q

i

. T o complete the deriv ation, w e no w c hec k the b oundary solutions. F or the

b oundary p oin t x

i

= 0, w e observ e from

@ J

i

( x )

@ x

i

= 0 that

@ J

i

( x )

@ x

i

= � a

i

, whic h means the user can decrease his

cost b y increasing x

i

. Hence, this cannot b e an optimal p oin t. F or the other b oundary p oin t x

i

= m � x

� i

, w e

observ e that at that p oin t the cost go es to in�nit y . As a result, the inner solution is the unique optimal p oin t for

the constrained optimization problem of the i

th

user, for eac h �xed x

� i

< m . W e observ e from (3.2) that the unique

optimal 
o w for the i

th

user is a linear function of the aggregate 
o w of all other users. This set of M equations

can no w b e solv ed for x

i

; i = 1 ; : : : ; M . T o ease the notation, let �x := x

i

+ x

� i

. Then, (3.2) can b e rewritten

as x

i

= mq

i

� q

i

( � x � x

i

) ) x

i

=

q

i

1 � q

i

m �

q

i

1 � q

i

�x . Sum b oth sides from 1 to M , and let � :=

P

M

i =1

q

i

1 � q

i

. Then,

�x = �m � � �x ) �x =

�

1+ �

m . Note that � is w ell de�ned and p ositiv e, since 0 < q

i

< 1 ; 8 i . Hence �x < m , th us

satisfying the underlying constrain t. Finally , substituting �x ab o v e in to the expression for x

i

(in terms of �x ), yields

the follo wing unique solution to (3.2):

x

�

i

=

1

1 + �

q

i

1 � q

i

m ; i = 1 ; : : : ; M (3.3)

Note that (3.3) is feasible since it is strictly p ositiv e, and

P

M

i =1

x

�

i

< m . W e summarize this result in the follo wing

theorem, whose pro of follo ws from the foregoing deriv ation:

Theorem 3.2. Ther e exists a unique Nash e quilibrium in the network game with users having line ar utility functions,

and it is given by (3.3).

W e conclude the section with a result that justi�es the w orst case analysis based on linear utilit y functions.

Pr oposition 3.3. Given the total 
ow r ates of al l users exc ept the i

th

one, x

� i

=

P

j 6= i

x

j

, the optimal 
ow r ate

of the i

th

user, x

opt

i;nonlin

, having a lo garithmic utility and the c ost function (2.5) is less than the r ate x

opt

i;lin

when the

same user has the line ar utility (2.7) c ost function with a

i

= 1 .

The in tuitiv e explanation of this result lies in the high marginal demand of w orst case utilit y , a = 1. The marginal

demand of a user with linear utilit y is higher than the one with logarithmic utilit y . The prop osition ab o v e is based

on this di�erence in demand.

4. UPD A TE ALGORITHMS AND ST ABILITY

In a distributed en vironmen t, eac h user acts indep enden tly and con v ergence to this p oin t do es not o ccur instan te-

nously . There exist v arious iterativ e up date sc hemes with di�eren t con v ergence and stabilit y prop erties.

5

W e consider

here three async hronous up date sc hemes relev an t to the prop osed mo del: PUA, parallel up date algorithm, whic h is

also kno wn as Jacobi algorithm; R UA, random up date algorithm, and GUA, gradien t up date algorithm, also kno wn

as Jacobi o v errelaxation.

6

F or the sp eci�c mo del at hand, individual users do not need to kno w the sp eci�c 
o w rate

of other users, except their sum. This feature is of great imp ortance for p ossible applications as it simpli�es the

information 
o w within the system substan tially .



4.1. P arallel Up date Algorithm

In PUA, the users optimize their 
o w rates at eac h iteration, in discrete time in terv als : : : n � 1 ; n; n + 1 : : : . If the

time in terv als are c hosen to b e longer than t wice the maxim um dela y in the transmission of 
o w information, it is

p ossible to mo del the system as an ideal, dela y-free one. In a system with dela ys, there are subsets of users, up dating

their 
o ws giv en the dela y ed information on the 
o w.

F or the nonlinear cost function (2.5), the pla y ers use either nonlinear programming metho ds to minimize their cost

at eac h iteration or directly the reaction function. The analytical solution to the optimization problem of the i

th

user

turns out to b e the ro ot of the 3

r d

order equation: k

i

x

3

i

+ (2 k

i

( m � x

� i

) + k � 1) x

2

i

+ (2( k + 1)( m � x

� i

)) x

i

+ [ m � x

i

]

2

= 0.

Only one ro ot of this equation, denoted ~x

i

, is feasible: 0 < ~x

i

< m . The closed-form solution for this ro ot is at the

same time the reaction function, whic h is highly nonlinear in con trast to the linear reaction function giv en b y (3.2).

As the ro ot of this 3

r d

order equation in v olv es a complicated expression, w e write the nonlinear reaction function of

the i

th

user only sym b olically as x

( n +1)

i

= f ( x

( n )

i

; x

( n )

� i

; k

i

) .

Stabilit y and con v ergence of the system is as imp ortan t as the existence of a unique equilibrium. In an unstable

system, the 
o w rates ma y oscillate inde�nitely if there is a deviation from equilibrium. Or, if the system do es

not ha v e the global con v ergence prop ert y , there exists the p ossibilit y of not reac hing the equilibrium at all through

iteration starting at an arbitrary feasible p oin t. W e no w study the con v ergence of PUA. F or the linear case, the

up date function for the i

th

user is (from (3.2)):

x

( n +1)

i

= mq

i

� q

i

x

( n )

� i

8 i; n ; (4.1)

where q

i

w as de�ned in (3.2). Let 4 x

i

= x

i

� x

�

i

, where x

�

i

is the 
o w rate of the i

th

user at Nash equilibrium and

4 x

( n )

i

is the di�erence b et w een the user's 
o w rate at the n

th

instan t and its �nal equilibrium 
o w. Then w e ha v e

4 x

( n +1)

i

= � q

i

4 x

( n )

� i

; 8 i (4.2)

Let k � x k = max

i

j � x

i

j , and note that, from (4.2): k � x

( n +1)

k � ( M � 1) max

i

j q

i

j k � x

( n )

k . Clearly , w e ha v e a

con traction mapping in (4.2) if ( M � 1) max

i

j q

i

j < 1 . Th us, the follo wing su�cien t condition ensures the stabilit y

of the system with linear utilit y under the PUA algorithm: j q

i

j �

1

M

; i = 1 ; : : : ; M . One trivial w a y of meeting

this condition is to set q

i

=

1

M

; i = 1 ; : : : ; M . F rom (3.2) the b ound on q

i

translates in to the follo wing stabilit y

constrain t on the pricing parameters, k

i

�

( M � 1)

2

2 M � 1

a

i

: Notice that these apply not only to the analysis in the linear-

utilit y case, but also to the lo cal analysis of the nonlinear-utilit y cost function (2.5). Th us, the system is lo cally

stable and con v ergen t under PUA if the condition ab o v e is satis�ed. The next result sa ys that the lo cal stabilit y and

con v ergence prop ert y holds not only lo cally , but also globally .

Theorem 4.1. The system is glob al ly c onver gent and stable under PUA, for b oth the line ar and lo garithmic utility

c ost functions, under the given b ound on k

i

.

4.2. Random Up date Algorithm

Random up date sc heme is a sto c hastic mo di�cation of PUA. The users optimize their 
o w rates in discrete time

in terv als and in�nitely often, with a prede�ned probabilit y 0 < p

i

< 1. Th us, at eac h iteration a random set

of E f p � M g users among the M up date their 
o w rates. Again, the users are m y opic and mak e instan taneous

optimizations. In the limiting case, p

i

= 1, R UA is the same as PUA. The non-ideal system with dela y is also similar

to PUA. The users mak e decisions based on dela y ed information at the up dates, if the round trip dela y is longer

than the discrete time in terv al.

F or the linear-utilit y case with linear reaction function (3.2), the up date sc heme ma y b e form ulated for the i

th

user as giv en b y (4.1) with probabilit y (w.p.) p

i

, and x

( n +1)

i

= x

( n )

i

w.p. (1 � p

i

). Subtracting x

�

i

from b oth sides:

4 x

( n +1)

i

=

(

� q

i

4 x

( n )

� i

; w ith pr obabil ity p

i

4 x

( n )

i

; w ith pr obabil ity 1 � p

i

(4.3)

T aking the absolute v alue of b oth sides, and then taking exp ectations, lead to

E j4 x

( n +1)

i

j � p

i

q

i

P

M

j =1

E j4 x

( n )

i

j + (1 � p

i

(1 + q

i

)) E j4 x

( n )

i

j

(4.4)



Cho osing p

i

�

1

1+ q

i

, this can further b e b ounded b y E j4 x

( n +1)

i

j � p

i

� q

i

P

M

j =1

E j4 x

( n )

j

j , and summing o v er all

users:

M

X

i =1

E j4 x

( n +1)

i

j � (

M

X

i =1

p

i

� q

i

) �

M

X

i =1

E j4 x

( n )

i

j (4.5)

If

P

M

i =1

p

i

q

i

< 1, �

( n )

:=

P

M

i =1

E j4 x

( n )

i

j is a decreasing p ositiv e sequence, and hence con v erges to zero. This

implies con v ergence of eac h individual term in the summation to con v erge to zero, whic h in turn sa ys that x

( n )

i

!

x

�

i

; i = 1 ; : : : ; M , with probabilit y 1. Notice that the su�cien t condition for the stabilit y of PUA also guaran tees

the stabilit y of R UA for the linear utilit y case.

The question no w comes up as to the c hoice of p

i

that w ould lead to fastest con v ergence in (4.5), whic h w e will

call the optimal up date probabilit y . Mahesw aran and Ba � sar

7

sho w that in a quadratic system without dela y , one

can �nd a b ound for optimal up date probabilit y p

opt

�

2

3

, as n um b er of users go es to in�nit y . Rep eating the same

analysis for this mo del and linear cost function leads to an exact up date probabilit y p

opt

=

2

3

, whic h is optimal

when the n um b er of users is large. The stabilit y and con v ergence results obtained also apply to the lo cal analysis

of the nonlinear utilit y function as in PUA. Hence the nonlinear utilit y case is lo cally stable under R UA. Moreo v er,

Theorem 4.1 holds also for R UA, indicating the global stabilit y of the algorithm.

4.3. Gradien t Up date Algorithm

Gradien t up date algorithm can b e describ ed as a relaxation of PUA. F or this sc heme, w e de�ne a relaxation parameter

s

i

; 0 < s

i

< 1 for i

th

user, whic h determines the stepsize the user tak es to w ards the equilibrium solution at eac h

iteration. F or the linear utilit y case, the algorithm is de�ned as:

x

( n +1)

i

= x

( n )

i

+ s

i

� [( mq

i

� x

( n )

� i

q

i

) � x

( n )

i

] 8 i; n (4.6)

Di�eren t from b oth PUA and R UA, the users are not m y opic in this sc heme. Although they seem to c ho ose

sub optimal 
o w rates at eac h iteration instead of exact optimal solutions, they b ene�t from this strategy b y reac hing

the equilibrium faster. GUA, despite its deterministic nature lik e PUA, is v ery similar to R UA in analysis. When

compared with PUA, as w e observ e in sim ulations, GUA con v erges faster to Nash equilibrium than PUA in highly

loaded dela y-free systems, where there is a high demand for scarce resources and users act sim ultanously . An in tuitiv e

explanation can b e made using the fact that equilibrium p oin t is quite dynamic in loaded systems during iterations.

In PUA, users up date their 
o ws as if it is static, while in GUA, users b eha v e more cautiously and do not rush

to the temp orary equilibrium p oin t at eac h iteration. So, the wide 
uctuations in 
o w rates are prev en ted, whic h

can b e observ ed in PUA. One can in terpret the relaxation parameter s

i

also as a measure of this caution. Another

adv an tage of GUA, its relativ e imm unit y to dela ys in the system, can also b e explained with the same reasoning.

A similar but deterministic v ersion of the con v ergence analysis of R UA for the linear utilit y function yields

the same con v ergence result as in R UA, except that p

i

is replaced with s

i

. Cho osing s

i

�

1

1+ q

i

, and imp osing

the condition

P

M

i =1

s

i

q

i

< 1, the 
o w rates of the users con v erge to the unique equilibrium as in other sc hemes.

Using (4.6), w e obtain: As n ! 1 x

(n+1)

i

= x

(n)

i

) x

�

i

= mq

i

� x

�

� i

q

i

; 8 i. The giv en b ound on q

i

also guaran tees

the stabilit y of GUA for the linear utilit y case. Moreo v er, since the GUA is a mo di�cation of PUA, it can b e sho wn

that Theorem 4.1 holds for the GUA as w ell. Th us, the stabilit y results of the R UA are directly applicable to GUA

for b oth the linear and nonlinear reaction functions.

Next, w e in v estigate the p ossibilit y of �nding an optimal relaxation parameter, s , for the linear utilit y case, in the

sense that it leads to fastest con v ergence to the equilibrium. In order to simplify the analysis w e assume symmetric

users, resulting in q

i

= q =

1

M

, and s

i

= s ; 8 i . F or the sp ecial case of symmetric initial conditions, w e obtain

from (4.6): 4 x

( n +1)

i

= [1 � s (1 + ( M � 1) q )] 4 x

( n )

i

. The v alue of s , leading to fastest con v ergence in this case is

s

opt

=

1

1 + ( M � 1) = M

) lim

M !1

s

opt

= 0 : 5 ; (4.7)

whic h leads to one-step con v ergence. F or the general case, ho w ev er, it is not p ossible to �nd a unique optimal v alue

of s , as di�eren t starting p oin ts for users whic h result in di�eren t 4 x

i

at eac h iteration, a�ect the optimal v alue



of s . Using sim ulations, w e conclude that optimal v alue of s for a dela y-free linear system should b e in the range

0 : 5 < s

opt

< 1. The analysis for the linear utilit y case applies to the nonlinear utilit y case lo cally , giving the same

lo cal stabilit y and con v ergence results. One can sho w that in addition to the lo cal results, global con v ergence and

stabilit y of PUA also apply to GUA. Therefore, GUA con v erges globally to the unique equilibrium in the nonlinear

utilit y case. As it will b e sho wn in n umerical examples, GUA b ecomes adv an tageous only under hea vy load, and

loses its fast con v ergence prop ert y in ligh tly loaded systems.

5. NUMERICAL SIMULA TIONS OF UPD A TE SCHEMES

Eac h up date sc heme analyzed in the previous section is sim ulated using MA TLAB. The prop osed mo del is tested

through extensiv e sim ulations for b oth nonlinear and linear reaction functions. The latter can b e considered as either

w orst case analysis or lo cal appro ximation to the nonlinear utilit y cost. The system is sim ulated �rst without dela y

under all three up date sc hemes: PUA, R UA and GUA. Next, in the second group of sim ulations, uniformly distributed

dela ys are added to the system for a more realistic analysis. The con v ergence rate is measured as the n um b er of

iterations required to reac h the unique Nash equilibrium. As a simpli�cation, w e assumed symmetric users in most

cases, where cost parameters lik e, a; k ; q , up date probabilit y , p , for R UA, and relaxation parameter, s , for GUA are

not user sp eci�c. Starting condition for sim ulations is the origin, i.e. zero initial 
o w, unless otherwise stated. The

follo wing criterion is used as the stopping criterion, where M is the total n um b er of users.

P

M

i =1

j x

( n +1)

i

� x

( n )

i

j � M � � .

The stopping distance is c hosen su�cien tly small, � = 10

� 5

, for accuracy in all sim ulations.

5.1. Sim ulations for Dela y-free Case
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Figure 1. Flo w rates vs. iterations to equilibrium in case of symmetric users and PUA (a). Con v ergence rate of

PUA for di�eren t v alues of k (b).

The con v ergence of the up date algorithms for di�eren t n um b ers of users, as a crucial parameter, is in v estigated

throughout the analysis. W e �rst implemen ted, ho w ev er, the basic PUA algorithm with M = 20 users with linear

reaction functions and a = 1 indicating a high demand for bandwidth. k = 10 is c hosen to ensure stabilit y . F rom

Figure 1 (a), w e observ e the undesirable, wide oscillations in 
o w rates of users, whic h is a disadv an tage of PUA

under a hea vily loaded dela y-free system. In this case, although the n um b er of users is small, the lo w v alue of pricing

parameter k loads the system. Absence of dela y in the system also con tributes to the instan taneous load, as the

users act sim ultaneously . The instan taneous demand a�ects the con v ergence rate signi�can tly in dela y-free systems,

esp ecially under PUA.

Another imp ortan t parameter in the system is the price, k . The impact of the price on the system is in v estigated

in the next sim ulation. Figure 1 (b) sho ws the e�ect of v arying the pricing parameter k under PUA. Again, there are

M = 20 users. It can b e observ ed that as the price increases, the con v ergence rate drops. An in tuitiv e explanation

for this phenomenon is based on the e�ect of price on the demand of users. An increase in price results in a decrease

in demand and system load, leading to faster con v ergence. Ev en though the sim ulation here is for a dela y-free

linear-utilit y system, v arying the price leads to similar results under all up date sc hemes for b oth linear and nonlinear

reaction functions. Theoretical calculations based on linear utilit y , in the previous section, sho w that the minim um



v alue of k satisfying the stabilit y criterion is 9 : 2 for this sp eci�c case. The b ound on k

i

is only a su�cien t condition

for stabilit y , whic h is v eri�ed in this sim ulation b y observing the con v ergence of system for k = 9. The large n um b er

of iterations required, on the other hand, indicates the tigh tness of the b ound.

Next set of sim ulations in v estigate the t w o basic parameters of R UA: M , n um b er of activ e users, and, p , the

up date probabilit y . The sim ulation results in Figure 2 (a) v erify the theoretical analysis in the previous section for

linear utilit y cost. It is observ ed that with the increasing n um b er of users the optimal up date probabilit y gets closer

to the v alue 2 = 3. F or completeness, the same sim ulation is rep eated for the logarithmic utilit y cost. In terestingly , w e

obtained similar results, as sho wn in Figure 2 (b). Due to the structure of logarithmic utilit y function, the demand

of users is less than in the linear utilit y case, and hence the system is not loaded as m uc h as in the linear case. F or

the same n um b er of users, w e observ e that the optimal up date probabilit y shifts to higher v alues. As a conclusion,

Figure2 (b) can b e considered as a stretc hed v ersion of Figure 2 (a), due to the c hange in load.
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Figure 2. Con v ergence rate of R UA as M gets larger, for di�eren t up date probabilities 0 < p < 1, and linear utilit y

(a). Con v ergence rate of R UA for nonlinear utilit y (b).

Similar to R UA, a sim ulation based on the relaxation parameter s is done for linear cost under GUA. The

result con�rms the theoretical result (4.7) for symmetric initial conditions. Other initial conditions, ho w ev er, lead

to di�eren t optimal v alues for s , in most cases b et w een 0 : 6 and 0 : 8. The result can b e in terpreted as the v ariation in

the amoun t of instan taneous demand for bandwidth. In the symmetric initial condition, all users act the same w a y ,

leading to higher sim ultaneous demand, where `b eing cautious' or decreasing s is adv an tageous. F or other initial

v alues, the instan taneous demand decreases, where increasing s a�ects the con v ergence rate p ositiv ely . W e conclude

that GUA is only adv an tageous in situations with high instan taneous and total demand, whic h will further b e v eri�ed

in dela y ed sim ulations.

Finally , w e conclude the sim ulations without dela y b y a comparison of the con v ergence rate of all three algorithms

for di�eren t n um b ers of users. The results for the linear reaction function are displa y ed in Figure 3. W e observ e

clearly that b oth GUA and R UA are sup erior to PUA. Another imp ortan t and promising observ ation is that the

rates of con v ergence for GUA and PUA are almost indep enden t of the n um b er of users. The sim ulation is rep eated

for nonlinear utilit y cost and for highly and less loaded systems. T o c hange the amoun t of load on the system, the

capacit y parameter m is v aried this time, instead of price k . They a�ect, as exp ected, the con v ergence rate in opp osite

w a ys. Ob viously , the smaller the capacit y , the hea vier the load. Similar to the linear utilit y case, GUA con v erges

faster with increasing n um b er of users. It p erforms, ho w ev er, p o orer under ligh t load. Same trend is also observ ed

for R UA. One in teresting phenomenon is the high p erformance of PUA under ligh t load. It can b e in terpreted as a

result of the lo w instan taneous demand due to the v ariation of utilit y for di�eren t 
o w rates.

5.2. Sim ulations with Dela y

In order to mak e the sim ulations more realistic, w e next in tro duce the dela y factor in to the system in follo wing w a y:

users are divided in to d equal groups, where eac h group has an increasing n um b er of units of dela y . F or example

in a four group system, �rst group has no dela y , the second has one unit dela y , the third group t w o units of dela y ,

etc. When the sim ulations are rep eated with uniformly distributed dela y as describ ed, the results obtained are quite

di�eren t from the previous ones. PUA, for example, p erforms b etter than in the linear utilit y case without dela y .
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Figure 3. Comparison of Con v ergence rates of PUA, R UA and GUA for increasing n um b er of users, linear utilit y ,

dela y-free system.

It is p ossibly caused b y the decrease of instan taneous demand, due to the dela y factor. This result strengthens the

argumen t ab out PUA in the previous section.

In R UA, ho w ev er, the optimal up date probabilit y disapp ears in con trast to the dela y-free case Again, the under-

lying cause is the e�ect of dela y factor on instan taneous demand. Another imp ortan t result is the similarit y of the

results for linear and nonlinear cases in this sim ulation. Regarding PUA, w e can conclude that it p erforms b etter

when b oth instan taneous and total demand are lo w and system resources are abundan t. Suc h conditions exist for

dela y ed systems with users ha ving logarithmic utilit y . R UA, on the other hand, p erforms w orse with decreasing

up date probabilit y in suc h a case.

Next, GUA is in v estigated under a dela y incorp orated system for an optimal relaxation parameter. Using the

results of sev eral sim ulations, w e conclude that the optimal v alue of s decreases in the linear utilit y case, as the

dela y factor increases. In terestingly , this trend disapp ears for the nonlinear case. Similar to R UA, GUA also loses

its adv an tage with nonlinear reaction functions in a dela y ed system under normal load. Comparison of all three

algorithms in the dela y ed nonlinear system for high and lo w load can b e seen in Figure 4 (a). In the graph b elo w,

prices are halv ed, while the capacit y is tripled with resp ect to the one ab o v e. As exp ected PUA p erforms b etter than

R UA for an y load. Under ligh t load, PUA is sup erior to GUA, with the aid of dela y factor and lo w instan taneous

dela y due to logarithmic utilit y of users. As the load in the system increases, GUA p erforms comparable to PUA,

v erifying the observ ation in Figure 4 (a).

In the �nal set of sim ulations, w e in v estigate the robustness of the algorithms under disturbances. The disturbance

is added to the system b y v arying the n um b er of users at eac h iteration b y ab out %10 of the total n um b er of users.

The arriv al and departure of users are mo deled as P oisson random pro cesses, and hence the n um b er of users in the

system constitute a Mark o v c hain. The Figure 4 (b) sho ws the stabilit y results under di�eren t up date sc hemes in

terms of the p ercen tage distance to the ideal equilibrium for an example time windo w. The lo w er righ t graph is the

result of the sim ulation with nonlinear reaction function under PUA. W e observ e that the a v erage distances to the

equilibrium v ary b et w een %0.5 and %1.5, whic h indicate that the system is v ery robust under all sc hemes and costs.

6. CONCLUSION

W e ha v e in tro duced a mathematical mo del whic h can b e used as a basis for implemen tation of real time tra�c on

the In ternet. The com bination of admission con trol and end-to-end distributed 
o w con trol results in a v ery 
exible

framew ork, whic h captures all tra�c t yp es from lo w to medium elasticit y . Mark et based approac h enables the mo del

to address t w o ma jor issues, pricing and resource allo cation, sim ultaneously .

A unique Nash equilibrium is obtained, and con v ergence prop erties of relev an t async hronous up date sc hemes are

in v estigated b oth theoretically and n umerically . Conditions for the stabilit y of the equilibrium p oin t under three

up date algorithms are obtained and analyzed in the cases of linear and nonlinear reaction functions. The sim ulation

results suggest the use of GUA or R UA in hea vy loaded systems with less dela y and high demand for bandwidth.

In dela y ed systems, ho w ev er, PUA p erformed b etter than the other t w o. The linear analysis not only pro vided a
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Figure 4. (a) Comparison of Con v ergence rates of PUA, R UA and GUA for increasing n um b er of users, nonlinear
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time.

lo cal appro ximation to the nonlinear cost, but also established con v ergence and stabilit y results, helping to solv e the

general nonlinear cases.

One of the adv an tages of this mo del is its 
exibilit y , whic h at the same time op ens up man y directions for future

researc h. There are also man y op en questions requiring further in v estigation, suc h as the follo wing: (i) The mo del is

analyzed here for a sample b ottlenec k no de. P ossible implemen tations for a general net w ork top ology and routing

problem are op en p oin ts. (ii) The e�ect of v arying the virtual capacit y C and the initial admission sc heme are p ossible

p oin ts of in v estigation. In terms of pricing, the relation b et w een �xed and v ariable prices should b e in v estigated.

(iii) Although the mo del is designed to share net w ork resources with a b est e�ort t yp e distributed, elastic net w ork

lik e the In ternet, w e ha v e not addressed p ossible issues regarding the in teraction of di�eren t proto cols in the same

net w ork. Suc h an in teraction ma y b e a ric h source for further researc h. Priorit y queueing, for example, migh t b e

in v estigated, as a means of com bining the proto cols at the router lev el.
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